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PREFACE. 


rilHE  following  essay  was  undertaken  with  the  object  of 
-*-  discussing  the  possibility  of  obtaining  directly  from 
Faraday's  laws  a  consistent  scheme  for  the  representation  of 
electrical  phenomena,  and  of  applying  the  results  to  obtain 
the  quantitative  relations  which  exist  in  certain  cases  of  the 
propagation  of  electrical  effects. 

Maxwell's  memoir  on  "  A  dynamical  theory  of  the  Electro- 
magnetic Field,"  communicated  to  the  Royal  Society  in  October, 
1864,  marks  a  new  departure  in  electrical  theory.  In  it  the 
analytical  representation  of  Faraday's  laws  is  systematically 
developed  and  applied,  as  also  the  analytical  formulation  of 
the  electromagnetic  theory  of  light  which  had  already  been 
proposed  by  Faraday  in  1846 ;  but  these  contributions  to 
electrical  theory,  though  of  great  importance,  are  subservient 
to  the  main  object  of  the  paper,  which  is  to  shew  that  the  laws 
of  electrical  phenomena  obey  the  same  general  principle  as  the 
laws  of  mechanics.  It  has  not  been  sufficiently  noticed  that 
Maxwell  presented  his  theory  under  two  forms,  in  one  of  which 
the  electrokinetic  energy  is  expressed  in  terms  of  currents,  and 
in  the  other  in  terms  of  magnetic  force  and  induction.  The 
first  form  is  the  one  used  throughout  the  paper,  the  second 
form  being  given  without  application ;  and  in  his  Treatise  the 
first  form  is  used  in  the  discussion  of  the  general  theory,  the 
second  form  being  given  later  and  only  applied  to  discuss  the 
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pressure  of  radiation  and  magneto-optic  relations.  Subsequent 
writers,  FitzGerald,  Heaviside,  Hertz  and  others,  have  taken 
the  second  form  of  the  energy  function  as  the  starting-point 
of  their  investigations. 

The  fact,  that  in  certain  cases  the  direct  application  of 
Faraday's  laws  gives  without  ambiguity  results  different  from 
those  which  appear  to  follow  from  the  latter  form  of  Maxwell's 
theory,  led  the  writer  to  suspect  that  there  must  be  some 
flaw  in  the  process  of  reasoning  by  which  this  form  of 
Maxwell's  theory  is  deduced  from  Faraday's  laws.  This 
suggested  the  procedure  adopted  in  this  essay,  to  begin  by 
applying  Faraday's  laws,  without  the  intervention  of  any 
dynamical  theory,  to  the  different  cases  which  can  arise,  and 
to  examine  whether  the  results  obtained  are  consistent  with 
observation.  A  satisfactory  scheme  having  been  developed  in 
this  way,  a  short  account  of  Maxwell's  procedure  is  given  with 
the  view  of  discovering  the  source  of  the  discrepancy,  and  the 
result  of  examination  is  to  shew  that  the  first  form  in  which 
Maxwell  presented  his  theory  is  a  logical  consequence  of 
Faraday's  laws  while  the  second  form  is  not.  That  this  has 
not  been  noticed  earlier  is  to  be  explained  by  the  fact  that 
Maxwell  did  not  use  the  second  form  of  his  theorj^  to  obtain 
results  whereas  subsequent  writers  have  used  it  in  preference 
to  the  first  form,  and  that,  so  far  as  the  applications  made  by 
Maxwell  are  concerned,  the  same  results  follow  from  either 
form  of  the  theory.  That  the  second  form  of  the  theory  is 
easier  to  work  with  is  obvious,  as  in  this  form  the  Lagrangian 
function  is  of  the  same  type  as  the  Lagrangian  function  of  a 
material  medium,  thus  allowing  the  argument  from  analogy  to 
be  used,  and  this  explains  the  preference  shewn  for  this  form 
of  the  theory. 

Having  found  that  the  second  form  of  the  theory  is  not 
logically  involved  in  the  first,  it  becomes  necessary  to  ascertain 
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what  assumptions  its  use  has  led  to,  and  it  appears  that  many 
of  the  received  ideas  as  to  the  nature  of  the  aether,  as  for 
example  the  doctrine  of  a  fixed  aetlier,  have  arisen  in  this  way. 
These  assumptions  not  being  directly  concerned  in  the  first 
form  of  Maxwell's  theory,  and  this  form  being  the  one  which 
logically  follows  from  Faraday's  laws,  the  ideas  that  have  arisen 
from  the  assumptions  cannot  be  regarded  as  being  required  by 
the  facts. 

The  next  step  is  to  examine  whether  the  form  of  Maxwell's 
theory  thus  adopted  is  consistent  with  the  laws  of  dynamics, 
and  the  logical  development  of  this  form  of  the  theory  is  then 
resumed  at  the  point  where  it  was  left  by  Maxwell.  This 
latter  is  perhaps  unnecessary  in  view  of  the  fact  that  earlier 
in  the  essay  it  is  shewn  that  Faraday's  laws  are  sufficient  in 
themselves  for  the  development  of  a  scheme  of  representation  ; 
but  it  was  thought  desirable  to  add  it  for  the  sake  of  com- 
pleteness. 

The  object  of  the  second  part  of  the  essay  is  the  application 
of  the  general  theory  to  some  of  the  problems  that  present 
themselves  in  connection  with  the  propagation  of  electrical 
efifects.  It  appears  that  there  is  an  essential  difference  between 
a  simply-connected  and  a  multiply -connected  space  in  respect  of 
the  propagation  of  electrical  effects,  there  being  no  permanent 
free  oscillations  such  as  would  not  be  dissipated  by  radiation  be- 
longing to  an  indefinitely  extended  simply-connected  space,  while 
there  are  such  permanent  free  oscillations  associated  with  each 
of  the  conducting  circuits  that  render  an  indefinitely  extended 
space  a  multiply-connected  region.  The  explicit  recognition  of 
this  fact  makes  it  possible  to  simplify  the  mathematical  theory 
of  electric  waves.  The  complete  determination  of  the  circum- 
stances of  propagation  of  waves  of  the  latter  class  can  be  reduced 
to  the  solution  of  linear  differential  equations  involving  one 
independent  variable  :  the  dependent  variable  belonging  to  any 
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conducting  path  returns  to  the  same  value  on  going  once  round 
the  path  when  closed,  and  the  waves  circulate  without  decay. 
In  an  open  path  the  dependent  variable  vanishes  at  both  ends 
and  the  energ}^  is  dissipated  in  radiation.  The  principal  appli- 
cation of  the  theory  is  to  the  effects  investigated  by  Hertz  in  his 
experiments  on  electric  waves.  The  development  of  the  analysis 
gives  results  which  are  in  close  agreement  with  the  observations 
of  Sarasin  and  de  la  Rive,  who  repeated  Hertz's  experiments 
under  more  favourable  conditions ;  it  also  gives  a  satisfactory 
explanation  of  the  discrepancies  in  some  of  Hertz's  own  obser- 
vations. The  investigation  thus  given  for  the  free  periods 
of  resonators  is  only  approximate ;  the  accurate  equation  for 
the  determination  of  the  periods  of  a  resonator  can  be  easily 
deduced  from  the  general  theory  of  these  waves,  but  this 
equation  is  such  that  the  calculation  of  the  periods  from  it 
would  involve  great  labour,  and  as  the  error  involved  in  using 
the  approximate  theory,  in  which  the  distance  between  suc- 
cessive nodes  is  approximately  half  a  wave-length,  must  be 
extremely  small,  the  gain  in  theoretical  accuracy  did  not  appear 
to  be  sufficient  compensation  for  the  additional  labour. 

The  essay  in  its  present  form  was  completed  at  the  end  of 
1900,  with  the  exception  of  Chapter  VIII,  the  paragraph 
relating  to  it  in  Chapter  I,  and  the  Appendices.  The  para- 
graphs have  also  been  renumbered  throughout  and  the  cross 
references  altered  accordingly.  Chapter  VIII  has  been  added 
with  the  view  of  developing  the  manner  in  which  the  energy  of 
permanent  vibrations  associated  with  closed  circuits  is  distri- 
buted, and  the  distinction  between  them  and  the  waves  due  to 
open  oscillators.  To  effect  this  it  was  found  desirable  for  the 
sake  of  uniform  treatment  to  give  a  short  account  of  radiation, 
starting  from  the  first  form  of  Maxwell's  theory.  Appendices 
A  and  B  are  intended  to  elucidate  the  point  of  view  adopted  in 
the  first  part  of  the  essay.     Appendix  C  supplies  the  analysis 
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belonging  to  Chapter  V,  which  was  omitted  on  the  ground 
that  it  might  unduly  interfere  with  the  course  of  the  argument. 
Appendix  D  contains  an  application  of  a  method  developed  in 
the  essay  to  a  dynamical  problem  in  diffraction  which  includes 
all  the  cases  hitherto  solved;  this  appendix  also  contains  the 
analytical  investigation  of  a  result  stated,  without  proof  in 
Chapter  VI. 

In  the  theoretical  discussion  references  are  given  to  other 
writings  only  when  these  bear  directly  on  the  argument,  this 
being  thought  sufficient  in  an  essay.  On  the  other  hand,  where 
special  problems  are  dealt  with,  references  have,  as  far  as  is 
known,  been  given  to  all  the  previous  investigations. 

To  Mr  J.  Larmor  and  to  Prof.  A.  E.  H.  Love,  whose  assist- 
ance in  revising  the  sheets  for  the  press  he  was  fortunate  enough 
to  obtain,  the  writer  is  greatly  indebted.  The  many  valuable 
criticisms  and  suggestions  received  from  them  have  done  much 
to  remove  obscurities  and  improve  the  book  in  other  ways. 

Acknowledgement  is  due  to  the  officials  of  the  University 
Press  for  the  careful  and  obliging  manner  in  which  they  have 
done  their  share  of  the  work. 


Clare  College,  Cambridge. 
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CHAPTER    I. 


INTRODUCTION. 


1.  The  object  of  the  following  essay  is  the  discussion  of 
the  circumstances  of  propagation  of  electrical  effects.  The  first 
part  consisting  of  the  second,  third,  fourth  and  fifth  chapters 
is  devoted  to  the  discussion  of  the  general  theory.  The 
equations  of  electrodynamics  for  a  single  medium  in  which 
there  are  conductors  at  rest  relatively  to  each  other  ai-e  deduced 
fi-om  Faraday's  laws,  the  current  at  a  point  being,  in  accordance 
with  Maxwell's  views,  supposed  to  be  made  up  of  two  parts, 
the  aethereal  displacement  current  and  the  convection  current 
at  that  point.  The  integrals  of  these  equations,  when  waves 
of  definite  period  are  being  propagated  in  the  medium,  are 
obtained  in  terms  of  the  distribution  of  the  convection  currents 
throughout  the  space ;  the  electric  and  magnetic  forces  at  each 
point  of  the  medium,  which  belong  to  waves  of  the  period 
chosen,  are  then  expressed  in  terms  of  the  distribution  of 
convection  currents  having  the  same  period.  The  expressions 
in  the  general  case,  where  there  are  waves  of  different  periods, 
are  sums  of  these.  These  integrals  are  then  modified  to  suit 
the  case  of  perfect  conductors,  and  it  appears  that,  in  this  case, 
the  expressions  for  the  electric  and  magnetic  forces  at  each 
point  of  the  medium  take  the  form  of  integrals  over  the 
surface  of  the  conductors,  the  unknown  quantity  being  the 
magnetic  force  at  the  surface  of  a  conductor.  It  is  a  conse- 
quence of  these  results  that,  when  the  components  of  the 
magnetic  and  electric  forces  tangential  to  a  surface  at  each 
point  of  it  are  known,  this  surface  being  closed  and  enclosing 
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all  the  sources  of  the  waves,  the  electric  and  magnetic  forces 
at  any  point  can  be  immediately  deduced.  The  propagation 
of  any  disturbance  through  the  medium  is  shortly  discussed, 
and  it  follows  from  these  investigations  that  the  way,  in  which 
Maxwell's  aethereal  displacement  is  introduced,  involves  the 
assumption  that  it,  as  well  as  the  electric  force  conceived  of  as 
belonging  to  it,  are  independent  of  the  motion  of  the  aether. 

2.  In  the  third  chapter  convection  currents  in  motion  and 
material  media  are  considered,  the  difference  between  material 
media  and  the  aether  being  taken  to  be  the  presence  of  con- 
vection currents.  Faraday's  laws  are  applied  on  this  assumption 
to  obtain  the  equations  of  propagation  of  electric  waves  in 
transparent  media,  and  the  results  so  arrived  at  are  in  agree- 
ment with  Fresnel's  formula  for  the  effect  of  moving  material 
media.  The  application  of  these  laws  to  any  material  medium 
leads  to  equations  determining  the  circumstances  and  to  expres- 
sions for  the  mechanical  forces  acting  on  material  media  which 
are  the  same  as  those  used  by  Larmor,  Phil.  Trans,  a.  1897. 

3.  Maxwell's  djnaamical  theory  of  electricity  is  discussed 
in  the  fourth  chapter,  where  the  manner  in  which  the  various 
functions  arise  is  considered  and  in  particular  it  is  shewn  that 
on  his  theory  aethereal  displacement  is  a  vector  which  defines 
the  electrical  degrees  of  freedom  of  the  aether  at  each  point  of 
space,  this  vector  being  conceived  of  as  associated  with  the 
points  of  space  not  with  definite  elements  of  the  aether.  It  is 
then  observed  that  the  Lagrangian  function  of  the  motions 
of  the  aether  which  is  obtained  on  this  theory  is  a  modified 
Lagrangian  function,  the  coordinates  specifying  degrees  of 
freedom  of  the  aether  other  than  electrical  having  been 
eliminated  by  the  process  by  which  the  function  has  been 
built  up  ;  so  that  although  this  function,  when  the  convection 
currents  are  completely  known;  is  sufficient  to  determine 
the  electrical  relations  of  the  aether  to  material  media,  it  does 
not  supply  sufficient  knowledge  from  which  to  develop  the 
dynamics  of  the  aether.  Maxwell's  second  expression  for  the 
electrokinetic  energy,  which  expresses  it  in  terms  of  the 
magnetic  force  and  the  magnetic  induction,  is  shewn  to  have 
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been  obtained  from  the  previous  one  by  a  transformation  which 
is  in  general  invalid.  It  then  appears  that  it  is  the  use  of  this 
second  expression  which  has  led  to  the  assumption  that 
Maxwell's  electromagnetic  theory  is  the  same  as  MacQullagh's 
optical  theory  and  thence  to  the  identification  of  the  magnetic 
induction  as  the  velocity  of  the  aether.  This  again  has  given 
rise  to  difficulties  connected  with  the  effect  of  a  magnetic  field 
on  the  propagation  of  light  and  to  difficulties  connected  with 
permanent  magnets  which  have  compelled  the  further  as- 
sumption that  the  density  of  the  aether  is  indefinitely  great. 
This  second  expression  for  the  electrokinetic  energy  being 
illegitimate,  it  follows  that  Maxwell's  theory  is  essentially 
different  from  MacCullagh's  and  that  the  conclusions  referred 
to  above,  which  are  based  on  the  identification  of  the  two 
theories,  are  not  a  necessary  consequence  of  Maxwell's  theory. 

4.  The  conclusion  having  been  arrived  at  that  Maxwell's 
theory,  though  sufficient  for  the  treatment  of  electrical  changes 
did  not  furnish  a  complete  representation  of  the  motions  of  the 
aether,  it  became  necessary  to  inquire  what  form  a  dynamical 
theory  could  take  when  only  part  of  all  the  possible  motions 
can  be  taken  into  account  and  whether  Maxwell's  theory  is  of 
a  form  which  could  arise  in  this  way.  This  inquiry  forms  the 
subject  of  the  fifth  chapter;  the  fundamental  assumption 
made  is  that  if  all  the  degrees  of  freedom  everywhere  existing 
could  be  put  in  evidence,  the  Lagrangian  function  of  all  the 
corresponding  motions  would  be  a  homogeneous  quadratic 
function  of  the  velocities  belonging  to  all  the  degrees  of 
freedom,  the  coefficients  in  this  expression  being  functions  of 
the  coordinates  which  specify  the  degrees  of  freedom,  and, 
further,  the  motions  are  assumed  to  obey  the  principle  of 
Least  Action.  The  existence  of  a  class  of  motions,  in 
which  the  knowledge  of  a  single  function,  viz.  a  modified 
LagFangian  function  of  the  form  T  —  V,  is  sufficient  to  deter- 
mine completely  the  motions  corresponding  to  the  degrees 
of  freedom,  the  coordinates  belonging  to  which  have  been 
retained,  is  demonstrated ;  the  motions  belonging  to  those 
which   have  been  eliminated  cannot  be   determined    from   a 
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knowledge  of  this  function.  The  expression  V,  which  occurs 
in  this  modified  Lagrangian  function,  is  equal  to  the  energy  of 
the  motions  which  correspond  to  the  degrees  of  freedom  whose 
coordinates  have  been  eliminated,  so  that  the  potential  energy 
is  the  energy  of  the  concealed  motions.  The  forms  which  can 
arise  under  other  circumstances  are  also  discussed.  The 
Lagrangian  function,  which  is  derived  from  observation,  is,  in 
every  case,  a  modified  function  in  which  only  the  observed 
degrees  of  freedom  appear  explicitly.  In  attempting  to  apply 
a  dynamical  theory  to  the  aether  it  has  to  be  remembered  that 
the  energy  of  the  motions  of  a  continuous  medium,  such  as  it 
must  be  postulated  to  be,  cannot  be  represented  by  a  sum  of 
the  form  JJf  p  {v?  -\-v'^-{-  w^)  dxdydz ;  to  do  so  would  be  to  endow 
the  aether  with  atomic  structure.  It  then  follows  that  the 
application  of  the  previous  results  to  the  aether,  all  its  possible 
degrees  of  freedom  being  taken  into  account,  can  give  rise  to 
a  modified  Lagrangian  function  the  same  as  that  arrived  at  on 
the  Faraday-Maxwell  theory.  The  manner,  in  which  the  effect 
of  material  media  can  be  taken  into  account  on  this  theory,  is 
then  discussed  and  the  theory  is  compared  with  the  other 
theories  which  have  been  proposed. 

5.  It  having  been  shewn  that  the  Faraday-Maxwell  theory 
gives  a  consistent  account  of  electrical  phenomena  and  is  itself 
consistent  with  dynamical  theory,  and  the  effect  of  the  motion 
of  an  observer  and  his  apparatus  having  been  ascertained,  this 
effect  being,  in  the  case  of  the  propagation  of  electric  waves  of 
the  kind  which  occur  in  experiments  such  as  those  of  Hertz, 
negligible,  the  propagation  of  electrical  effects  of  this  kind  is 
discussed  in  the  second  part  on  this  assumption.  The  propaga- 
tion of  electrical  effects  in  a  simply  connected  space  is  dealt 
with  in  the  sixth  chapter,  where  it  is  shewn  that  permanent 
free  electrical  oscillations  in  an  indefinitely  extended  simply 
connected  space  are  impossible.  The  case  of  the  space  between 
two  concentric  spherical  surfaces  is  treated  in  detail  in  illus- 
tration of  the  general  theory.  The  oscillations  belonging  to 
condensers  are  discussed  and  the  result  of  an  investigation  to 
determine  the  effect  of  an  open  end  is  given.     The  effect  of 
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joining  the  opposite  faces  of  a  condenser  by  a  thin  wire  is 
investigated  and  it  is  shewn  that,  if  originally  the  faces  are  not 
closed  surfaces,  the  periods  are  practically  unaltered  and  no 
new  period  is  introduced,  but  that,  if  originally  the  faces  are 
closed  surfaces,  the  already  existing  periods  are  approximately 
unaltered  and  a  new  period,  which  is  very  long  in  comparison 
with  the  others,  is  introduced.  The  effect  of  removing  or 
setting  up  constraints  is  discussed,  more  partictilarly  in  the 
case  where  the  space  throughout  which  the  constraint  is  re- 
moved or  set  up  is  not  finite.  Non-permanent  free  oscillations 
are  discussed,  the  case  of  a  change  in  the  dielectric  medium 
being  treated  in  detail.  The  principal  result  obtained  is  that 
reflexion  is  the  essential  condition  for  the  existence  of  free 
oscillations  in  a  simply  connected  space. 

6.  In  the  seventh  chapter  the  propagation  of  electrical 
effects  in  multiply  connected  spaces  is  considered,  and  it  is 
shewn  that  permanent  free  oscillations  can  exist  in  a  multiply 
connected  space  whether  the  space  is  infinitely  extended  or  not, 
the  possible  free  periods  for  the  infinitely  extended  doubly 
connected  space  in  which  there  is  a  single  circuit  being  s/nV, 
where  s  is  the  length  of  the  circuit,  V  the  velocity  of  radiation 
and  n  any  integer.  It  is  then  shewn  that  the  problem,  in  the 
case  of  waves  travelling  along  any  number  of  parallel  straight 
cylindrical  conductors,  is  reducible  to  one  of  conformal  repre- 
sentation. The  case  of  circuits  of  any  form  is  discussed  and 
expressions  for  the  components  of  the  electric  force  at  any 
point  due  to  the  waves  belonging  to  a  single  circuit  are 
obtained.  The  effect  of  finite  cross-section  is  then  considered 
and  it  is  proved  that,  taking  the  cross-section  of  the  wire  to  be 
circular,  of  radius  small  compared  with  the  radius  of  curvature  of 
the  wire  and  with  the  wave-length  of  the  oscillations,  the  results 
obtained  for  the  circuit  are  still  applicable.  The  electric  waves 
induced  in  a  thin  closed  wire  are  discussed ;  and  it  follows  that 
for  any  number  of  thin  closed  wires  the  expressions  for  the 
components  of  the  electric  force  at  any  point  are  sums  of  the 
expressions  found  for  a  single  closed  wire,  whence  solvable  cases 
for   the   effect   of    conductors   can    be   deduced.      The   waves 
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belonging  to  a  circuit  are  unaltered  by  any  others  which 
exist  along  with  it,  the  effect  of  conductors  being  to  super- 
pose on  the  waves  belonging  to  a  circuit  waves  belonging  to 
other  circuits  which  form  the  image  in  the  conductors  of  the 
first  circuit. 

7.  The  radiation  of  electric  energy  is  treated  of  in  the 
eighth  chapter.  In  this  connexion  it  was  found  necessary 
to  investigate  the  expression  for  the  rate  of  transfer  of 
energy  across  a  closed  surface  using  Maxwell's  first  expression 
for  the  electrokinetic  energy.  The  result  is  an  addition  to 
Poynting's  expression  of  a  part  which,  integrated  throughout  a 
complete  period,  vanishes  so  that  results,  which  take  account 
of  average  radiation  only,  are  unaffected.  The  intensity  of 
the  radiation  from,  and  the  density  of  the  distribution  of 
energy  due  to,  a  simple  oscillator  are  investigated,  and  the 
results  are  applied  to  obtain  relations  between  the  temperature 
and  the  intensity  of  radiation.  The  condition  of  permanence 
of  a  group  of  ions  is  obtained  and  the  law  of  the  force  between 
permanent  groups  is  deduced,  the  force  between  a  pair,  neither 
of  which  possesses  free  electricity,  being  at  most  of  the  order  of 
the  inverse  fourth  power  of  their  distance  apart.  It  is  then 
shewn  that  no  energy  is  radiated  away  from  a  circuit,  as  was  to 
be  anticipated  from  the  results  of  the  previous  chapter. 

8.  The  existence  of  permanent  free  oscillations  associated 
with  circuits  having  been  established  it  follows  that,  if  a  small 
gap  be  made  in  a  circuit,  oscillations  of  this  kind,  though  they 
will  not  then  be  permanent,  will  be  set  up  in  it ;  the  treatment 
of  these  open  circuits  forms  the  subject  of  the  ninth  chapter. 
It  is  first  proved  that,  if  the  case  of  a  straight  wire  with  a  free 
end  can  be  solved,  the  case  of  any  foim  of  thin  wire  whose 
curvature  is  continuous  can  be  solved,  as  the  waves  can  only  get 
into  the  circuit  at  the  open  end.  The  waves  set  up  by  the 
simplest  kind  of  source,  which  can  produce  waves  of  the  kind 
sought  in  a  straight  wire  with  a  free  end,  are  then  found.  The 
effect  of  a  small  sphere  placed  at  the  free  end  is  discussed  and 
shewn  to  be  negligible  if  the  radius  of  the  sphere  is  small 
compared  with  the  length  of  the  waves.     In  the  tenth  chapter 
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these  results  are  applied  to  the  case  of  resonators  and  it  appears 
that  the  fundamental  wave-length  of  a  resonator  depends  on 
its  length  only,  the  result  for  a  resonator  in  the  form  of  a  circle 
being  that  the  fundamental  wave-length  is  7*95  D,  where  D  is 
the  diameter  of  the  resonator,  which  agrees  with  the  results  of 
the  experiments  of  Sarasin  and  de  la  Rive,  who  obtained  the 
value  8  D  for  a  circular  resonator.  The  rate  of  decay  of  the 
oscillations  belonging  to  a  resonator  is  investigated  and  shewn 
to  be  very  small,  which  agrees  with  the  results  of  Bjerknes' 
experiments.  The  case  of  a  wire  with  an  open  end,  from  which 
the  waves  are  radiating  freely,  is  then  discussed  and  it  is  found 
that,  for  stationary  waves,  the  distance  of  the  first  node  from  the 
free  end  is  '192  X,  where  \  is  the  wave-length  of  the  waves  which 
are  being  observed,  this  result  again  agreeing  with  the  result  of 
the  experiments  of  Sarasin  and  de  la  Rive.  The  forms  of  the 
wave-fronts  in  the  neighbourhood  of  a  straight  wire,  from  the 
end  of  which  the  waves  are  being  freely  radiated,  are  then 
investigated  and  it  appears  that,  in  travelling  along  the  wire 
from  the  free  end,  the  wave-fronts  change  from  being  para- 
bolpids  of  revolution  with  the  free  end  as  focus  and  the  wire 
as  axis  to  being  planes  perpendicular  to  the  wire ;  this  agrees 
exactly  with  the  observations  of  Birkeland  and  Sarasin.  Fur- 
ther, on  the  side  away  from  the  wire  the  wave-fronts  tend  to 
set  themselves  at  right  angles  to  the  radius  vector  from  the  free 
end,  which  was  found  to  be  the  case  by  the  same  observers. 
The  effect  of  the  upper  harmonics  of  a  resonator  is  considered, 
and  it  would  seem  that  they  provide  an  explanation  of  some 
results  observed  by  Sarasin  and  de  la  Rive  and  that  they  are  to 
some  extent  the  cause  of  the  result  obtained  by  Hertz  in  his 
interference  experiment  for  comparing  the  velocity  of  electric 
waves  in  air  with  their  velocity  along  a  wire. 

The  result  of  these  investigations  relative  to  electric 
waves  in  wires  and  resonators  is  to  shew  that  there  is 
complete  quantitative  agreement  between  experiment  and 
theory  as  well  as  qualitative  agreement. 


CHAPTER  n. 


THE  BQCATIO^^  OF  KLBCTRODYXAMICS. 


The  eqaatkn  wliich   detcsmiiie  dw  magnetic   and 
fbras  at  cmIi  point  of  wpmxt,  coMxmd  of  as  filled  hj 
in  w\adtk  there  aie  cxMndncsan  at  lestt  rdatiiefy  to 
r.  can  be  deduced  firom  Faradaj's  lairs  that 

(1)  a  doaed  coirent  u  eqnrfalent  as  icgaids  Ae  m^pKtie 
field  prodooed  hf  it  to  a  magnetk  ahell  of  the  same  alraqgth 
bounded  bf  it^ 

(2)  the  deetraDOtive  fwce  in  a  closed  dicnit  is  given  bj 

ivheve  W  is  the  nnmber  of  lines  of  no^gnetic  indnction  which 
paas  thravgh  ik 

Foothtf  ,  on  this  scheme  all  conents  are  regaided  as  dosed. 

D^Dotai^  the  componenls  of  magnetic  force  at  any  point  X,  5,  jr 
bj  ft,  fi,  y,  the  oompooents  of  magnetic  induction  by  a>  (,  c,  the 
oomponents  of  elei^nc  foroe  by  X,  F,  Z  and  the  oomponents  of 
total  coir»it  strar^ith  by  «»  r,  tr,  the  axes  of  reference  beii^ 
fixed  relatively  to  the  condnctois,  Faiaday^s  laws  aie  expressed 
by  the  equations 
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where  the  surface  integrals  are  taken  over  any  surface  bounded 
by  an  edge,  /,  m,  n  are  the  direction  cosines  of  the  normal  to 
the  surface  at  any  point  and  the  line  integrals  are  taken  round 
the  edge  in  the  positive  direction.  The  relations  (1)  and  (2)  are 
equivalent  to  the  systems  of  equations 


.  dy     dj3\ 

ay      (iz 

.      ^  9a  _dy  ^ 
dz      dx 

dx      dy 


da^dY_dZ 
dt      dz       dy 

db^dZ  _dX  y 
dt      dx       dz 


in 


dt      dy      dx 


(2-). 


In  addition  to  these  equations  the  relations  between  magnetic 
force  and  magnetic  induction  and  between  electric  force  and 
current  strength  must  be  known  in  order  to  effect  a  solution  in 
any  case.  For  the  applications  in  view  the  magnetic  force  may 
be  taken  to  be  everywhere  identical  with  the  magnetic  induc- 
tion, so  that  a  =  a^  ^  =  A  c  =  7.  The  total  current  at  any 
point  is,  according  to  Maxwell's  view,  made  up  of  two  parts, 
the  displacement  current  and  the  convection  current.  The 
displacement  current  has  components  /,  g,  h  and  is  connected 
with  the  electric  force  at  the  point  by  the  relations 

47r  F='/=Z,     47r  F\^=F,     ^irV^h^Z, 

where  V  is  the  velocity  of  propagation  of  electric  effects  through 
the  medium ;  the  convection  current  at  a  point  consists  of  the 
conduction  current  at  the  point,  such  a  current  being  conceived 
of  as  associated  with  a  closed  circuit  forming  a  circuital 
discontinuity   in    the    medium,   and    an    element    of    current 
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pp,  pq,  pr,  where  p,  q,  r  are  the  velocities  of  the  free  charge 
of  volume  density  p  at  the  point,  such  a  current  element  being 
a  point  discontinuity  in  the  medium  and  the  closed  current, 
of  which  it  must  be  regarded  as  forming  part,  being  completed 
by  displacement  currents  through  the  medium.  The  components 
of  total  current  are  then  given  by 

1     dX  1     dY  1     dZ 


where  u,  v,  w  are  the  components  of  the  convection  current  at 
the  point  x,  y,  z.  In  any  case  the  convection  current  may  be 
regarded  as  everywhere  known  or  as  given  by  a  knowledge  of 
the  relation  between  the  electric  force  and  the  conduction 
current,  and  of  the  distribution  of  free  charges  and  their 
velocities. 

10.     Before  proceeding  to  discuss   the  integration  of  the 

equations  it  is  convenient  to  obtain  them  in  a  modified  form. 

For  this  purpose  let  a  vector,  whose  components  are  F,  G,  H 

and  which   is  connected  with  the  magnetic  induction  by  the 

relations 

^dH_dG 

~  dy      dz' 


dF     dH 

^  ~  dz     dx ' 

_dG     dF 
~  dx      dy' 

be  introduced. 

Then 

da     d'H      d'G 
dt      dydt     dzdt 

that  is 


dY_d_Z     d'^H      d-'G 
dz      dy      dydt     dzdt' 


or 


dz\         dt        dv\         dt  J 
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with  two  similar  relations;  therefore 


dt      dx 

dt      dy 
7-JMJA 

^~     dt     dz 

Now  equations  (1')  are  equivalent  to 
1  dX 
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__+4.«  =  -V^J-  +  g 


(3). 


where 


4i^#  +  47r.  =  -V^(?+|^, 
V^  dt  dy 

1  dZ   ,  _^„    dJ 

j^dF^    dG^   dja 

dx      dy      dz  * 


whence  from  (3) 


v^^-^v^d-xdt-^^-^^-d^ 


1  d^G       1    d^<l) 


dJ 


V^dt^^V^dydt^'^'^^^^^-d^^ 

v^dp  ^v-^dzdt   ^"""^      ^    dz] 


.(4). 


11.  Proceeding  now  to  the  integration  of  the  equations  in 
the  case  where  an  unlimited  train  of  electrical  oscillations  is 
being  propagated  through  the  medium,  those  parts  only  of  the 
electric  and  magnetic  forces  which  depend  on  the  time  need  be 
obtained,  and  the  remaining  parts  if  any  will  accordingly  be 
omitted.  The  distribution  of  the  convection  currents  will  be 
assumed  to  be  known  and  it  will  be  proved  that  the  electric 
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and  magnetic  forces  at  any  point  can  be  expressed  in  terms  of 
these  currents.  The  components  F,  G,  H  of  the  vector  intro- 
duced above  are  so  far  restricted  by  two  independent  relations, 
so  that  they  can  be  subjected  to  any  other  condition  not  incon- 
sistent with  these.     Assume  as  a  further  condition 

1  d<i> 

where  now  only  those  parts  of  the  various  quantities  involved 
which  depend  on  the  time  are  considered  ;  then  equations  (4) 
become 

1   d^F      .  _,„  \ 


.(4'). 


1  d'^G      .         ^^^ 

Let  r  denote  the  distance  between  the  points  x,  y,  z  and  f,  77,  f, 
then  the  integrals  of  equations  (4'),  which  correspond  to  the 
propagation  of  an  unlimited  train  of  electrical  oscillations  of 
period  ^irjicV,  are  given  by 

•g-iK(r-FO 


^=1' 


u^d^drjd^, 


'g-iic(r-  Vt) 


"-III- 


Wid^dijd^, 


LKVt 


where  u  —  u^  e'"  ^^,     v  =  Vx  e'"  ^^     w==w-^e 

u,  V,  w  being  the  components  of  the  convection  current  at  the 
point  f,  7},  f  and  the  integrals  being  taken  throughout  all  space. 
It  follows  from  these  expressions  that 


=///(- 


r 

»        whence 

H        and  therefore 
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d^drfd^. 


Hence  by  (3) 


=  -.«f///«. 


g-«(r-FO 


d^drjd^ 


iVfi 

K. 


ga    \g-t«t(r-r<) 


with  two  similar  relations  ;  therefore 


X d^drjd^ 


-m- 


3^    .     a^         8^    ,    , 

a^dy        oy^  dyoz 


X d^drjd^ 


iVfff/       d^  d^  9'        o     ^ 


X  d^drjd^ 


V...(5). 


The  expressions  for  the  components  of  the  magnetic  force 
can  be  obtained  in  a  similar  way,  and  are 

"=///("'' I; ""' S  ~-^ '^f'^'^^f' ^*''- 

These  expressions  only  include  the  parts  of  the  electric  and 
magnetic  forces  which  depend  on  the  electrical  oscillations  of 
period  217/ kV.  When  there  are  oscillations  of  more  than  one 
period,  the  components  of  convection  current  u,  v,  w  will  be 
expressible  in  the  form 

tue'''^\     Sve'"^'',     Xwe^'^^^ 
and  the  expressions  for  the  electric  and  magnetic  forces  are 
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obtained  from  the  above  by  summation.  The  F,  G,  H  of  the 
above  investigation  is  different  from  Maxwell's  vector  potential, 
the  difference  being  a  vector  whose  components  are  of  the  form 

■^ ,    ^,    ~.     The  intes^rals  in  the  form  (5)  admit  of  easy 

dx     ay      dz  ®  ^  ^  -^ 

interpretation.  From  the  expressions  given  in  (5)  it  im- 
mediately appears  that  the  components  of  the  electric  force  at 
a  point  are  the  sums  of  the  components  of  the  electric  forces 
due  to  a  distribution  of  Hertzian  elements  throughout  the 
space  where  there  are  convection  currents,  the  direction  and 
strength  of  an  element  being  that  of  the  convection  current  at 
the  point.     The  solution  in  this  form  is  thus  the  analogue  of 

the  solution   F=  lU-d^drjd^  in  the  theory  of  potential. 

12.  It  is  known  that  even  when  the  vibrations  are  slow  the 
currents  in  a  conductor  tend  to  concentrate  in  the  neighbour- 
hood of  the  surface,  and,  as  the  vibrations  become  faster,  the 
currents  come  to  be  practically  confined  to  a  thin  layer  at  the 
surface ;  the  limit  of  this  state  of  affairs  is  a  perfect  conductor. 
In  such  a  conductor  the  magnetic  and  electric  forces  will  be 
zero  at  each  point  inside  it  and  at  the  surface  the  electric  force 
will  be  normal  to  it  and  the  magnetic  force  tangential  to  it. 
The  currents  are  on  the  surface  and  are  measured  by  the  dis- 
continuity in  the  magnetic  force  in  crossing  the  surface;  the 
relation  between  current  strength  and  magnetic  force  at  the 
surface  is  found  as  follows.  Let  the  axis  of  z  be  the  normal  to 
the  surface  at  a  point  on  it  drawn  outwards,  the  axes  of  x  and  y 
being  in  the  tangent  plane  to  the  surface  at  the  point.  Then 
imagining  the  current  to  be  the  limit  of  a  current  distributed 
throughout  a  small  thickness,  the  relations  between  current 
and  magnetic  force  at  any  point  throughout  this  thickness 
are  given  by 

where  u  is  indefinitely  great,  the  thickness  being  supposed 
indefinitely  small.     Integrating  throughout  the  thickness,  the 
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first  of  the  above  relations  becomes 


The  integral  j-y^  dz  vanishes  in  the  limit,  for  the  quantity 
under  the  sign  of  integration  remains  finite  while  the  range  of 
integration  ultimately  vanishes;  similarly  the  integral  i^dz 
vanishes  and  therefore 

4f7T  fudz  =  —  y5, 

where  l3  is  the  value  of  y8  on  the  surface,  its  value  at  an 
internal  point  being  zero.  In  the  same  way  it  may  be  shewn 
that 

4>7rfvdz  =  a, 

where  a  is  the  value  of  a  on  the  surface.  Therefore  the  current 
on  the  surface  is  measured  by  the  magnetic  force  at  the  surface 
divided  by  47r,  their  directions  being  perpendicular  and  such 
that  the  directions  of  the  magnetic  force,  the  current  and  the 
outward  drawn  normal  to  the  surface  form  a  right-handed 
system  of  axes.  In  what  follows  perfect  conductors  will  be 
chiefly  considered,  as  in  the  case  of  waves  whose  vibrations 
are  fairly  fast  the  efifect  of  imperfect  conduction  is  a  slight 
dissipation  of  the  energy  of  vibration  into  the  conductors,  which 
may  in  general  be  left  out  of  account. 

13.  The  expressions  obtained,  §  11,  for  the  electric  force 
will,  so  far  as  they  depend  on  conductors,  be  simplified  when 
the  conductors  are  taken  to  be  perfect.  In  this  case  the 
currents,  as  was  seen  above,  are  zero  everywhere  throughout 
the  volume  of  a  conductor  and  exist  only  on  the  surface,  so  that 
the  volume  integrals  in  (5)  due  to  the  presence  of  perfect  con- 
ductors become  surface  integrals.  Let  Zi,  r^,  ??i  be  the  direction 
cosines  of  the  current  at  a  point  f,  rj,  f  on  the  surface  of  a 
conductor  and  if  the  magnetic  force  at  the  point,  then  the 
values    of    X,  Y,  Z,   the    components    of    the    electric    force 
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at  any  point  x,  y,  z  of  the  medium  due  to  the  conductors, 
become 


+  ^a  6~;  +  ^1  o~^    +  '^^'^i  I  ' ^^  f     (^)' 


r 

-IKT 


where  the  integrals  are  now  taken  over  the  surfaces  of  the 
conductors.  The  components  of  the  magnetic  force  due  to 
the  conductors  are  given  by 


1    /•/•„/      a  c)\e-''"- 


dy 


dz 


dS^ 


Thus,  when  there  are  perfect  conductors  only  in  the  medium,  the 
problem  of  finding  the  circumstances  of  propagation  of  waves  of 
given  period  through  it  is  reduced  to  finding  the  magnetic  force 
at  each  point  of  the  surface  of  the  conductors. 


14.  In  the  preceding  investigation  of  the  integrals  of  the 
equations  everything  is  expressed  in  terms  of  the  convection 
currents  which  may  be  looked  upon  as  discontinuities  in  the 
time  rate  of  change  of  the  electric  force ;  in  exactly  the  same 
way  integrals  of  the  equations  can  be  found  expressing  every- 
thing in  terms  of  discontinuities  in  the  time  rate  of  change  of 
the  magnetic  induction.  The  expressions  which  correspond  to 
(6)  and  (7)  now  make  the  magnetic  force  tangentiaL  to  the 
surface  vanish,  while  the  electric  force  tangential  to  it  is 
discontinuous.  From  this  it  appears  that,  if  at  each  point  of 
a  surface,  which  encloses  all  the  sources  of  the  waves,  the 
electric  and  magnetic  forces  tangential  to  it  be  known,  the 
electric  and  magnetic  forces  at  every  point  outside  it  can  be 
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expressed  in  terms  of  them,  the  components  of  the  electric  force 
being  given  by 


a=»  a»  3'       „\ 

8^  +  ^^a^+^a^.+^^^j 


dS 


^  -  "  47r/c  ji  ^  V  da^  "  ""'  dxdy  '  ""  dxdz 

where  ^  and  M  are  the  electric  and  magnetic  forces  tangential 
to  the  surface,  li,  nii,  n^  the  direction  cosines  of  the  tangent  to 
the  surface  perpendicular  to  M,  and  //,  m/,  Hj'  the  direction 
cosines  of  the  tangent  perpendicular  to  E. 

15.  The  electric  and  magnetic  forces  at  any  point  when  an 
arbitrary  disturbance  is  being  propagated  through  the  medium 
can  be  obtained  in  a  similar  way.  As  in  §  11  only  those  parts 
of  the  electric  and  magnetic  forces,  which  belong  to  the  pro- 
pagation of  the  disturbance,  will  be  taken  into  account. 
Assume,  as  in  that  case, 

then  the  equations  to  be  satisfied  by  F,  G,  H  are  (4'),  whence 

O^jjj'^d^dvdi, 

H^jfj'^d^dvd^, 

where  Ui,  Vi,  Wx  are  the  values  of  u,  v,  lu  at  the  point  f,  t;,  f  at  a 
time  rj  V  before  the  time  t  under  consideration.     Now 

and,  writing 

Ui  =  /*  Wi  dt,     Vi  =  p  Vi  dt,     Wi  =  J*  Wi  dt, 


M.  E.  W. 
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the  parts  of  the  components  of  the  electric  force  which  depend 
on  the  propagation  of  the  disturbance  are  given  by 

r=r.|//( 


dxdy  r 
ill       d^  Vi        d^    Wj^       1   9^  i/M    7J.  7     7^    ,^^ 

+  ^.  ^  +  ^::^.^-w, .T,  ^  <i^dvd^\  (8). 


dxdy  r      "hy^  r      dydz  r       V^dt^r 

These  expressions  can  be  modified  for  the  case  of  perfect 
conductors  as  in  §  13.  The  part  of  the  electric  force  at  any 
point  which  depends  on  the  disturbance  is  thus  expressed  in 
terms  of  the  convection  currents  which  existed  at  the  various 
points  at  a  time  t  —  rjV,  where  r  is  the  distance  of  the  point 
under  consideration  from  any  other  point.  The  effect  of  a 
disturbance  at  a  point  A  travels  out  from  it  in  spherical 
waves,  arriving  at  a  point  P  in  the  time  AP/V,  when  P  takes 
up  the  disturbance,  after  which  time  it  comes  to  rest*. 

16.  In  the  above  a  single  medium  filling  all  space  in  which 
there  are  present  what  have  been  termed  convection  currents  is 
contemplated,  and  on  this  hypothesis  it  has  been  shewn  that, 
assuming  Faraday's  laws,  electrical  effects,  whether  the  pro- 
pagation of  oscillations  of  definite  periods  or  of  an  arbitrary 
disturbance  is  considered,  are  propagated  in  the  medium  with 
a  definite  velocity,  the  directions  of  propagation  being  straight 
lines  and  the  displacements  strictly  transverse.  Further  it 
has  been  shewn  that  the  circumstances  of  the  propagation  of 
electrical  effects  can  be  completely  expressed  in  terms  of  the 
distribution,  supposed  known  for  all  time,  of  the  convection 
currents,  these  convection  currents  corresponding  mathe- 
matically to  the  singularities  of  the  necessary  functions.  The 
effect  at  a  point  P  is  the  sum  of  the  effects,  due  to  all  points  Q, 
which  depend  on  the  state  of  affairs  at  Q  at  a  previous  time 


*  For  the  complete  expressions  for  the  components  of  electric  force  when 
the  disturbances  are  supposed  to  be  due  to  moving  charges,  see  Appendix  C. 
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t  —  PQ/V;  the  assumption*  is  thus  implicitly  involved  that 
Maxwell's  aethereal  displacement  current  is  independent  of 
the  motion  of  the  aether  if  there  is  such  a  motion.  By  the 
application  of  Faraday's  law,  the  electric  force  which  would  act 
on  an  element  of  a  circuit  at  any  point  of  the  aether  can  be 
obtained,  and  this  is  on  Maxwell's  theory  taken  to  be  the 
electric  force  at  that  point  in  the  aether,  the  element  of  circuit 
being  conceived  of  as  fixed. 

•  See  §  22. 
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CHAPTER   III. 

CONVECTION  CURRENTS  IN  MOTION  AND 
MATERIAL  MEDIA. 

17.  To  obtain  expressions  for  the  electric  force  on  an 
element  of  a  convection  current  moving  in  a  known  manner, 
let  an  element  of  such  a  current  at  a  point  x,  y,  z^  the  axes  of 
reference  being  supposed  to  be  fixed  in  space*,  be  considered 
and  let  I,  m,  n  be  the  direction  cosines  of  the  element.  Applying 
Faraday's  law  and  remembering  that  it  is  supposed  to  hold  for 
closed  circuits,  the  line  integral  of  the  electric  force  in  the 
direction  of  the  element  acting  on  it  is 


-i\^' 


mG  +  nH)  -j-  da, 
do- 


where  F,  G,  H  define  Maxwell's  vector-potential  or  electro- 
kinetic  momentum,  cr  is  a  coordinate  defining  the  order  of  the 
element  in  the  circuit,  and  where,  since  the  convection  current 
is  not  supposed  to  be  at  rest,  /,  m,  n  may  vary  with  the  time. 
The  electric  force  in  the  direction  of  the  element  is  therefore 
given  by  the  expression 

,/dF       dF       dF       dF\         fdG       dG       dG       dG\ 


-.( 


,dt      ^  dx      ^  dy         dz )  ds         ds  ds      ds  * 


*  Appendix  A. 
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where  p,  q,  r  are  the  component  velocities  of  the  element  of 
convection  current  considered.     Using  the  relations 

'^     dz      dx' 

_dO_dF 

'^     dw     dy' 

the  above  expression  for  the  electric  force  in  the  direction  of 
the  element  becomes 

fjdF  ^      dF  ^     dF\        f,dG        dG  ,     dG\ 

\    dx  dy         dz  J         ds  ds         ds      ds ' 

which  is  equivalent  to 

- 1  (Fp  +  Oq  +  Hr +  ,},). 

Hence  the  components  of  the  electric  force,  which  acts  on  an 
element  of  convection  current  at  the  point  x,  y,  z  moving  with 
a  velocity  whose  components  are  p,  q^  r,  are  given  by* 

*  It  will  be  observed  that  it  is  the  time  rate  of  variation  of  the  vector  F,  G,  H 
in  a  direction,  which  itself  changes  with  the  motion,  that  is  taken,  not  the  time 
rate  of  variation  in  a  fixed  direction.  It  is  the  first  of  these  that  is  appropriate 
to  electrodynamics,  the  experimental  laws  (Faraday's)  of  which  are  expressed 
in  terms  of  the  behaviour  of  closed  circuits.  Some  writers  have  erroneously 
used  the  second;  their  results  however  are  in  general  correct,  as  for  the  case 
usually  treated  of,  that  of  uniform  motion,  the  expressions  are  the  same. 
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(1). 


where  %  =  i^jp  +  G^  +  iTr  +  </>. 

18.  On  any  theory  all  electrical  effects  must  be  explicable 
on  the  hypothesis  of  one  uniform  medium  in  which  there  are 
convection  currents ;  thus  the  difference  between  the  aether 
and  any  material  medium  must  be  the  presence  of  convection 
currents,  that  is,  wherever  there  is  matter  there  are  these 
convection  currents  distributed  in  the  aether,  which  are  to  be 
regarded  as  discontinuities  in  it.  A  complete  knowledge  of 
the  distribution  and  strengths  of  these  convection  currents  for 
all  time  would  make  it  possible  to  determine  completely  all  the 
electrical  circumstances,  but  such  knowledge  it  is  impossible  to 
obtain,  and  as  in  any  case  what  can  be  observed  is  the  effect  of 
an  aggregate  of  these  convection  currents,  it  is  necessary  to 
make  hypotheses  which  shall  replace  a  knowledge  of  the  in- 
dividual by  something  which  shall  represent  the  effect  of  the 
aggregate.  It  has  been  remarked  by  Maxwell*  that  "  if  we 
attempt  to  extend  our  theory  to  the  case  of  dense  media,  we 
become  involved  not  only  in  all  the  ordinary  difficulties  of 
molecular  theories,  but  in  the  deeper  mystery  of  the  relation 
of  the  molecules  to  the  electromagnetic  medium."  This  remark 
is  clearly  equally  applicable  to  the  case  of  any  material  medium  ; 
and  the  assumption  made  in  his  next  paragraph,  it  being 
remembered  that  throughout  this  chapter  Maxwell  is  thinking 
of  the  medium  as  at  rest  except  in  so  far  as  there  are  motions 
due  to  electrical  disturbances,  is  equivalent  to  assuming  that 
for  transparent  media,  the  aggregate  effect  of  the  convection 
currents  can  be  represented  by  displacement  currents  in  the 

*  Treatise,  Vol.  n.  §  794. 
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aether.  These  displacement  currents,  which  replace  the  con- 
vection currents  and  which,  to  distinguish  them,  may  be  termed 
material  displacement  currents,  differ  from  aethereal  displace- 
ment currents  inasmuch  as  they  must  be  conceived  of  as 
moving  with  the  velocity  of  the  aggregate  of  the  convection 
currents  which  they  replace,  and  as  being  acted  on  by  the 
electric  force  which  would  act  on  a  convection  current  moving 
with  that  velocity.  This,  combined  with  the  assumption  that 
the  relation  between  the  electric  force  acting  on  material  dis- 
placement current  and  material  displacement  is  of  the  same 
kind  as  that  existing  between  aethereal  electric  force  and 
aethereal  displacement,  suffices  to  determine  the  circumstances 
of  the  propagation  of  electrical  effects  through  any  transparent 
material  medium. 

19.  Let  /,  g,  h  denote  the  components  of  the  aethereal 
displacement  at  the  point  x,  y,  z  referred  to  axes  fixed  in  space, 
fi,ff\>fh  the  components  of  the  material  displacement  which 
replaces  the  convection  currents  distributed  throughout  the 
medium,  and  F,  G,  U  the  components  of  the  electrokinetic 
momentum.  The  components  of  the  aethereal  displacement 
current  then  are 

a/      dg      dh       . 


dt'    dt'    dt' 

and  the  components  of  the  electric  force  in  the  aether  are 

dF     d(t>           dG     d4>          dH 
dt      dx '            dt      dy'           dt 

d<\> 

dz' 

giving 

-^            dt       dx 

..i...__^^     ^* 

\ 

'"^ '   "  ~      ■dt       dz> 


(2). 


The  components  of  the  material  displacement  current  are 

4^1        dgi        dfh 
dt'       dt  '       dt  ' 
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where  -^  denotes  the  time  rate  of  variation  of /i,  the  motion 

being  taken  into  account,  and  the  components  of  the  electric 
force  acting  on  this  material  displacement  current  are  by  §  17 


dG 


9% 


whence  for  an  isotropic  material  medium 


47rF2  dG 


K 


.(3). 


The  components  of  the  total  current  are 


whence 


dt'^'di'     Ft'^dt'     di'^Tt' 


\dt^  dt)      dy      dz 


47r 


fig  _|_  dg{\  ^  ^  _  ?7 
\dt       dt  /      dz      dx 

dh     dhA      9/S      da 


'-'M^- 


dh,\^ 

dt) 


dx      dy , 


(4). 


In  the  above  it  has  been  assumed  that  there  is  no  closed 
convection  current  at  the  point  considered ;  when  there  is,  the 
a,  yS,  7  in  equations  (4)  are  related  to  the  F,  G,  H  in  the  same 
way  as   magnetic  force   is  related  to  vector-potential  in  the 
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theory  of  magnetism,  while  in  equations  (2)  and  (3)  o,  A  7  have 
to  be  replaced  by  a,  b,  c,  where 

dy      dz  '  dz       dx'  dx      dy ' 

The  vector  whose  components  are  a,  b,  c  is  the  magnetic  force 
in  the  aether  and  includes  the  effect  of  the  local  convection 
currents,  whereas  the  vector  a,  /3,  y  is  the  magnetic  force  in 
the  ordinary  sense  which  only  takes  account  of  the  effect  of  the 
aggregate,  and,  to  determine  the  circumstances,  the  relation 
between  these  two  vectors  must  be  known,  the  usual  assumption 
being  that  they  are  connected  by  the  relations 

a  =  fia,         b  =  fiff,         c  =  fiy, 

where  /a  is  a  constant. 

The  equations  which  determine  the  circumstances  of  the 
propagation  of  waves  through  an  isotropic  material  medium 
can  now  be  formed,  and  it  will  be  sufficient  to  take  the  case 
in  which  the  matter  is  supposed  to  be  moving  parallel  to  the 
axis  of  X  with  a  uniform  velocity  p.  The  equations  (2)  and  (3) 
become 


'i-n-V'  dF       dF     d<f>     , 


whence 


Again  from  (4) 

^(^f+<iM-h_^^    etc 

that  is 
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therefore 


with  two  similar  equations.    These  can  be  replaced  by  equations 
to  determine  the  magnetic  force,  giving 


^•"  ^. 


"8^  _ 


dy  1 


with  two  similar  equations.  For  waves  propagated  in  the 
direction  of  the  axis  of  oc  the  velocity  of  propagation  V  satisfies 
the  equation 

agreeing  to  a  first  approximation  with  the  formula  of  Fresnel. 

In  the  free  aether  /jl=1  and  k  =  0,  and  the  equations  to 
determine  the  circumstances  of  the  propagation  of  waves 
through  it  are 

which  equations  shew  that  the  wave  surfaces  are  spheres ;  thus 
to  an  observer  moving  through  the  aether  the  effect  of  his 
motion  is  the  same  as  if  he  were  supposed  to  be  at  rest  and  the 
centres  of  the  spheres,  which  form  the  wave  surfaces,  were 
supposed  to  move  relatively  to  him  with  his  velocity  relatively 
to  the  direction  in  which  the  rays  are  travelling  through  the 
aether;    this  is  Bradley's  law  of  aberration. 

20.  The  equations  (2)  and  (3)  of  the  preceding  will  hold 
for  any  material  medium,  whether  transparent  or  not,  but  the 
equations  (4)  will  require  modification  when  the  effect  of  the 
aggregate  of  the  convection  currents  cannoli  be  replaced  by  a 
material  displacement  current.     In  this  case  in  addition  to  the 
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material  displacement  current  there  will  be  a  conduction 
current  which  must  be  added  to  the  displacement  currents  to 
give  the  total  current  in  equations  (4),  and  further  the  relation 
between  this  conduction  current  and  the  electric  force  acting 
on  the  convection  currents  must  be  known;  the  scheme  of 
equations  (2),  (3),  (4)  thus  supplemented  will  include  all  cases. 
They  are  then  the  same  as  those  used  by  J^armor,  Phil.  Trans. 
(a),  1897,  pp.  205 — 300,  and  of  necessity  lead  to  the  same 
expressions  for  the  mechanical  forces  acting  on  material  media. 
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CHAPTER  IV. 


MAXWELL'S   DYNAMICAL  THEORY  OF  ELECTRICITY. 

21.  At  the  end  of  the  fourth  chapter  of  the  second  volume 
of  his  treatise  Maxwell,  having  given  an  account  of  the  pheno- 
mena of  the  induction  of  currents  and  of  the  laws  which  they 
obey,  states  that  he  "  proposes  to  examine  the  consequences  of 
the  assumption  that  the  phenomena  of  the  electric  current  are 
those  of  a  moving  system  "  and  "  to  deduce  the  main  structure 
of  the  theory  of  electricity  from  a  dynamical  hypothesis  of  this 
kind."  The  fifth  chapter  is  taken  up  with  assigning  physical 
meanings  to  the  relations  occurring  in  Lagrange's  dynamical 
method.  He  then  proceeds  to  discuss  in  the  sixth  chapter  the 
form  of  the  kinetic  energy  function  for  a  system  of  conducting 
circuits  and  shews  from  experimental  considerations  that  the 
function  is  the  sum  of  two  homogeneous  quadratic  functions, 
one  involving  all  the  current  strengths  and  the  other  all  the 
velocities  specifying  the  motion  of  the  conductors.  In  the 
seventh  chapter  the  coefficients  in  that  part  of  the  kinetic 
energy  function,  which  depends  on  the  current  strengths  only 
and  w^hich  is  termed  the  electrokinetic  energy,  are  identified ; 
the  electrokinetic  momentum  of  a  circuit  is  defined  and  the 
electric  force  in  and  the  mechanical  force  on  a  circuit  are 
deduced.  So  far  Maxwell  has  confined  himself  to  the  con- 
sideration of  conducting  circuits,  but  in  the  eighth  chapter  he 
proceeds  to  discuss  what  takes  place  in  the  space  outside  these 
conductors.  The  field  is  explored  by  means  of  various  con- 
figurations of  the  secondary  circuit  and  in  this  way  arises  the 
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conception  of  a  vector  having  a  determinate  direction  and 
magnitude  at  each  point  of  space  and  whose  line  integral 
round  any  circuit  is  the  electrokinetic  momentum  of  that 
circuit.  From  this  is  deduced  another  vector  whose  surface 
integral  is  equal  to  the  line  integral  of  the  former  round  the 
edge  of  the  surface  and  which  is  identified  with  the  magnetic 
induction  of  Faraday.  The  expressions  for  the  components  of 
the  electric  force  at  a  point  in  a  conductor  moving  in  any 
manner  and  for  the  mechanical  force  on  the  element  of  the 
conductor  at  the  point  are  obtained.  Maxwell  is  careful  to 
point  out  that  "  the  current  in  all  these  cases  is  to  be  under- 
stood as  the  actual  current  which  includes  not  only  the  current 
of  conduction  but  the  current  due  to  variation  of  the  electric 
displacement " ;  to  this  ought  to  be  added  the  current  due  to 
moving  electric  charges  when  these  exist.  In  the  ninth 
chapter  these  results  are  recapitulated  and  he  then  proceeds, 
§§  606,  607,  to  obtain  the  mathematical  connexion  between  the 
electrokinetic  momentum  and  the  current  strengths,  which  is 
equivalent  to  determining  the  coefficients  in  the  expression  for 
the  electrokinetic  energy.  The  remainder  of  the  chapter  is 
occupied  with  the  discussion  of  the  potential  energy  and  the 
dissipation  functions. 

22.  The  chief  difficulty  of  the  theory  is  what  is  meant  by 
electric  displacement  and  displacement  current ;  it  is  then 
important  to  inquire  whether  the  theory  really  determines 
what  they  are.  The  fundamental  idea  both  with  Faraday 
and  Maxwell  is  that  of  a  medium  (the  aether)  filling  all  space 
and  which  is  the  means  by  which  electrical  changes  in  one  place 
produce  electrical  changes  at  another  place ;  this  postulates  the 
possibility  of  electrical  effects  in  the  aether.  Now  the  kinetic 
energy  of  a  system  in  which  there  are  present  electric  currents 
contains  no  terms  which  are  the  products  of  the  current 
strengths  and  of  the  velocities  of  the  circuits ;  further,  on  the 
dynamical  theory,  the  current  strengths  must  be  conceived  as 
velocities  which  are  the  time  rates  of  variation  of  coordinates 
specifying  electrical  degrees  of  freedom,  these  coordinates  being 
dynamically  independent  of  the  coordinates  which  define  the 
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positions  of  the  circuits  in  space.  From  this  it  follows  that  the 
existence  of  electrical  effects  in  the  aether  necessitates  the 
existence  of  electrical  degrees  of  freedom  of  the  aether,  the 
electrical  circumstances  at  each  point  of  space  depending  on 
the  coordinates  which  specify  these  electrical  degrees  of  free- 
dom. The  method  of  exploring  the  field  by  means  of  a  circuit 
does  not  determine  the  electrokinetic  momentum  of  a  circuit 
conceived  of  as  moving  with  the  aether  but  of  a  circuit  fixed 
in  space ;  thus  the  electrical  coordinates  whose  existence  was 
shewn  above  to  be  necessary  must  be  conceived  of  as  identified 
with  the  points  of  space  not  as  associated  with  definite  elements 
of  the  aether.  These  electrical  coordinates  will  vary  from  point 
to  point  of  space,  but  from  the  above  it  follows  that  for  each 
one  of  them  the  space  coordinates  must  be  treated  as  constant, 
thus  their  time  rates  of  variation  are  given  by  partial  differen- 
tiation with  respect  to  the  time.  The  time  rates  of  variation 
of  the  electrical  coordinates  define  electric  currents  in  the 
aether  at  each  point  of  space  and,  as  these  currents  are 
vectors,  the  electrical  coordinates  at  each  point  of  space  are 
determined  by  a  vector.  If  /,  g,  h  be  the  components  of 
this  vector  at  the  point  x,  y,  z,  the  axes  of  reference  being 
supposed  fixed  in  space,  the  components  of  the  corresponding 

current  at  the  point  are  ^  ,    ^,    ^.     Maxwell's  electric  dis- 
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placement  in  the  aether  is  thus  a  vector  defining  the  coordinates 
which  specify  the  electrical  degrees  of  freedom  of  the  aether  at 
a  point  of  space  and  is  quite  distinct  from  the  electric  displace- 
ment associated  with  material  media ;  the  difference  between 
aethereal  electric  displacement  and  material  electric  displace- 
ment has  already  been  emphasised*. 

23.  In  obtaining  the  electric  force  at  a  point  in  the 
aether  the  same  considerations  apply  as  above ;  therefore  if 
F,  Gy  H  are  the  components  of  the  electrokinetic  momentum  at 
the  point  x,  y,  z,  the  components  of  the  electric  force  at  the 
point  are 

__aF__a^     _dG_d±     _^_^A 

dt      dx'  dt       dy'  dt       dz  ' 

*  Cf.  §  18. 
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The  electrokinetic  energy  belonging  to  the  aether  at  the  point 
a;,  y,  z  is  then  as  in  Maxwell's  treatise,  §  634, 

Since  ^ ,  ^ ,  -^.  are  the  components  of  the  electric  current  in 

the  aether  at  the  point  x,  y,  z,  the  electric  density  at  the  point 
is 

ox     dy     dz ' 

which  is  zero  unless  there  is  a  discontinuity  in  the  aether  at  the 
point.  In  obtaining  the  potential  energy  expressed  as  a  function 
of />  9t  ^  it  is  sufficient  to  find  it  for  the  electrostatic  case;  in 
this  case  since  charge  and  potential  are  linearly  related  the 
portion  of  the  potential  energy  contributed  by  the  aether  at 
the  point  x,  y,  z  is 

i  {Xf+  Yg  +  Zh)  dx  dy  dz, 

where  X,  F,  Z  are  the  components  of  the  electric  force  at  the 
point  and  are  proportional  to  f,  g,  h.  Hence  the  part  of  the 
Lagrangian  function  belonging  to  the  aether  at  the  point 
Xy  2/,  z  is 

i  [jf  1+  g|  +fl-|-X/-  Yg-Zh\^  dxdydz, 

and  in  this  form  it  is  properly  expressed  in  terms  of  the 
electrical  coordinates  and  their  time  rates  of  variation.  It 
ought  to  be  observed  however  that  this  Lagrangian  function 
is  not  expressed  in  terms  of  all  the  coordinates  which  specify 
degrees  of  freedom  of  the  aether;  it  is  a  modified*  Lagrangian 
function  expressed  in  terms  of  coordinates  less  in  number,  the 
original  coordinates  having  been  in  part  eliminated  by  the 
process  by  which  the  function  has  been  built  up.  A  knowledge 
of  this  Lagrangian  function  does  not  then  supply  sufficient  data 

*  See  §  31. 
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from  which  to  develop  the  dynamics  of  the  aether ;  when  how- 
ever in  addition  the  convection  currents  are  completely  known, 
the  data  are  sufficient  to  determine  the  relations  of  the  aether 
to  material  media  so  far  as  these  relations  are  electrical. 


24.  The  expression  for  the  Lagrangian  function  given  above 
is  the  one  which  is  natural  to  Maxwell's  dynamical  theory  as 
presented  in  Chapters  v.  to  IX.  of  the  second  volume  of  his 
treatise,  but  in  §  635  he  gives  the  second  expression 


—  Ml  {aoL  +  6y8  +  cy)  dx  dy  dz 


Stt 

for  the  electrokinetic  energy,  the  part  contributed  by  the  aether 
at  the  point  x,  y,  z  being 

^  [[[  (a^  +  p^  +  ,y2)  dx  dy  dz. 

In  §  636  he  assigns  a  reason  for  choosing  this  second  expression 
as  the  proper  one  when  he  says  :  "  The  electrokinetic  energy  of 
the  system  may  therefore  be  expressed  either  as  an  integral  to 
be  taken  where  there  are  electric  currents,  or  as  an  integral  to 
be  taken  over  every  part  of  the  field  in  which  magnetic  force 
exists.  The  first  integral,  however,  is  the  natural  expression  of 
the  theory  which  supposes  the  currents  to  act  upon  each  other 
directly  at  a  distance,  while  the  second  is  appropriate  to  the 
theory  which  endeavours  to  explain  the  action  between  the 
currents  by  means  of  some  intermediate  action  in  the  space 
between  them."  Now  in  either  case  it  is  a  modified  Lagran- 
gian function  which  is  obtained  and  the  kinetic  energy  portion 
of  such  a  function  is  made  up  of  portions  contributed  from 
every  place  where  there  are  time  rates  of  variation  of  the 
coordinates  in  terms  of  which  the  function  is  expressed,  not  of 
portions  contributed  from  every  place  where  there  is  motion ; 
for  example,  in  the  theory  of  the  motion  of  bodies  through  a 
liquid  the  modified  Lagrangian  function  which  is  there  used 
does  not  express  the  kinetic  energy  as  an  integral  taken 
throughout  the  liquid  but  in  terms  of  the  coordinates  which 
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specify  the  degrees  of  freedom  of  the  bodies.  Thus  the  ex- 
pression of  the  kinetic  energy  as  a  sum  to  which  every  place 
where  there  is  motion  contributes  is  unnecessary ;  as  has  been 
already  stated,  the  electrokinetic  energy  and  the  kinetic  energy 
of  the  aether  are  different  things.  Further  the  transfommtion 
by  which  the  second  expression  for  the  electrokinetic  energy  is 
obtained  from  the  first  is  in  general  invalid.  Maxwell's  pro- 
cedure §  685  is  to  write  for  the  currents  in  the  first  expression 
their  equivalents  in  terms  of  the  magnetic  force  and  then 
integrate  by  parts ;  in  this  way  the  electrokinetic  energy  is 
expressed  as  a  volume  integral  taken  throughout  all  space  and 
a  surface  integral  taken  over  the  surface  of  the  infinitely  distant 
boundary,  this  latter  being  omitted  on  the  ground  that  at  a 
great  distance  r  from  the  system  the  components  of  the 
magnetic  force  are  of  the  order  of  magnitude  r~*;  but  this 
is  only  true  for  the  case  when  all  the  currents  are  steady,  which 
is  the  case  Maxwell  appears  to  be  thinking  of,  and  then  the 
transformation  is  legitimate.  When  the  case  is  that  of  the 
propagation  of  waves,  the  components  of  the  magnetic  force 
at  a  great  distance  ?'  contain  terms  of  the  type  e**''/r,  as  do  the 
components  of  the  electrokinetic  momentum,  and  the  surface 
integral  is  no  longer  negligible,  its  value  being  really  indeter- 
minate. The  argument  which  has  been  sometimes  used  to 
justify  a  transformation  of  this  kind  in  the  case  of  waves — 
that  if  all  the  sources  of  the  disturbance  are  at  a  finite  distance 
from  the  origin,  the  surface  integral  over  an  infinitely  distant 
boundary  cannot  influence  the  state  of  affairs  at  a  finite  distance 
— neglects  the  fact  that  the  mathematical  treatment  of  trains 
of  waves  postulates  an  infinite  time  during  which  the  dis- 
turbances have  been  going  on,  and  that  therefore,  however 
remote  the  boundary  may  be  taken,  the  disturbances  have 
already  produced   their   effect   there*.     It   follows   then    that 


*  It  is  also  clear  that,  if  instead  of  a  train  of  waves  a  number  of  disturbances 
supposed  to  have  been  set  up  at  definite  times  be  considered,  the  transformation 
is  still  invalid  as  the  functions  necessary  to  represent  tliis  state  of  affairs  are 
discontinuous  and  the  integration  by  parts  required  for  the  transformation 
cannot  be  effected. 

M.  E.  W.  3 
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Maxwell's  second  expression  for  the  electrokinetic  energy  is 
inadmissible. 

25.  The  use  of  Maxwell's  second  expression  for  the  electro- 
kinetic  energy  has  led  to  the  assumption  that  Maxwell's  electro- 
magnetic theory  and  MacCullagh's  optical  theory  are  the  same, 
the  Lagrangian  functions  of  both  theories  being  then  identical. 
This  has  further  led  to  the  identification  (tentatively)  of  the 
magnetic  induction  as  the  velocity  of  the  aether;  from  what 
has  been  said  above  it  follows  that  both  these  assumptions  are 
illegitimate,  and  that  conclusions  based  on  them  must  be 
rejected.  The  identification  of  the  magnetic  induction  as 
the  velocity  of  the  aether  has  led  to  the  result  that  the 
velocity  of  propagation  of  light  ought  to  be  altered,  though 
possibly  to  an  insensible  extent,  by  a  magnetic  field*  ;  the 
use  of  the  proper  form  of  the  Lagrangian  function  (Maxwell's 
first  form),  however,  leads  to  equations  to  determine  the  pro- 
pagation of  electrical  effects,  which  are  unaltered  by  the 
introduction  of  a  magnetic  field,  so  that  the  velocity  of 
propagation  of  light  is  unaltered,  agreeing  with  Lodge's 
experimental  resultf.  The  difficulties  concerning  permanent 
magnets  due  to  the  identification  of  Maxwell's  theory  with 
MacCullagh's  likewise  disappear.  The  conclusion  then  is  that 
MacCullagh's  theory  is  essentially  different  from  Maxwell's  and 
that  Maxwell's  theory  being  in  agreement  with  the  phenomena 
is  the  one  which  ought  to  be  retained. 

*  Larmor,  Phil.  Trans,  (a),  1894. 

+  If  ttj,  ^1,  7i  are  the  components  of  the  magnetic  force  and  JPj,  G^,  H^  the 
components  of  the  vector  potential  of  the  imposed  magnetic  field,  I\ ,  G^,  H^, 
Oj,  /Sj,  7i  are  independent  of  the  time.  The  total  components  of  the  electro- 
kinetic  momentum  are  F  +  F-^,  G+G^,  H  +  H^  and  of  the  magnetic  force  a  +  a^, 
jS  +  l^i  >  7  +7i>  whence  if  /,  g,  h  are  the  components  of  the  electric  displacement 
.  %  dy  d§  .  .  da  dy  .  •  5j8  da 
•'     dy     dz  ^     dz      dx'  dx     ciy ' 

since  a^,  /S^,  7^  are  derivable  from  a  potential  function  and 

"^""^  J-      dt      dx'     ^""^9-       Bt      dy'     ^""^  ^-       dt       dz' 

Therefore  the  equations  to  determine  a,  /3,  7  or  /,  g,  h  are  the  same  as  when 
there  is  no  imposed  magnetic  field. 


CHAPTER  V. 


DYNAMICAL  THEORY. 


26.  The  tendency  of  physical  investigations  has  in  general 
been  towards  the  construction  of  a  dynamical  theory  which 
shall  give  a  consistent  account  of  phenomena,  the  path  pursued 
being  to  arrive  at  such  a  result  by  inductive  methods.  The 
fundamental  idea  underlying  attempts  at  a  theory  of  this  kind 
is  that  direct  knowledge  is  confined  to  a  knowledge  of  motions, 
the  other  ideas  of  dynamics,  such  as  force,  being  inferences 
which  are  useful  aids  in  classifying  and  explaining  phenomena 
in  terms  of  those  phenomena  which  are  more  intimately  known 
and  over  which  there  is  more  immediate  control.  Instead  of 
trying  to  construct  a  dynamical  theory  inductively,  another 
mode  of  proceeding  is  possible,  to  assume  that  all  phenomena 
are  to  be  explained  on  the  basis  of  a  dynamical  theory  and  to 
proceed  from  this  deductively. 

The  starting-point  then  is  that  the  Lagrangian  function  is 
a  homogeneous  quadratic  function  of  the  time  rates  of  variation 
of  the  coordinates  which  specify  all  the  degrees  of  freedom,  the 
coefficients  of  the  expression  being  functions  of  these  co- 
ordinates, and  that  the  time  integral  of  this  function  taken 
between  any  two  definite  times  is  stationary  for  the  actual 
motion.  This  Lagrangian  function  is  necessarily  constant  for 
all  time  and  the  principles  of  the  Conservation  of  Energy  and 
of  Least  Action  are  included  in  this  statement.  What  obser- 
vation reveals  in  any  case  is  a  certain  number  of  degrees  of 

3—2 
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freedom  of  motion  and  corresponding  motions  taking  place; 
knowledge  is  thus  confined  to  a  part  only  of  all  the  degrees  of 
freedom  and  the  question  then  arises, — What  form  does  the 
dynamical  theory  take  to  fit  in  with  this  limited  knowledge  ? 
For  convenience  the  discussion  will  be  divided  into  several 
cases. 


27.  The  degrees  of  freedom  are  divided  into  two  sets,  one 
set  being  specified  by  coordinates  y  which  are  known,  the  other 
set  being  specified  by  coordinates  x  which  are  unknown.  The 
first  case  to  be  discussed  is  that  where  the  Lagrangian  function 
contains  no  terms  of  the  type  Cxy  and  the  coefficients  are 
functions  of  the  y  coordinates  only.  The  Lagrangian  function 
L  is  given  by 

where  T^;  =  ^S^ni;i''^  + S^iai^i^a, 

Ty  =  iXBnyi'  +  ^B,,y,y,, 

and  the  coefficients  A^,  A12,  B^,  B12,  etc.  are  functions  of  the 
y  coordinates  only.  By  the  well-known  process  of  ignoration  of 
coordinates  the  x  coordinates  can  be  eliminated  and  a  modified 
Lagrangian  function  L'  obtained,  which  is  sufficient  to  determine 
the  motions  so  far  as  the  y  coordinates  are  concerned.  The 
coordinates  x  have  to  be  eliminated  from  the  equations 


dt  \dx 
by  means  of  the  relations 


±(^I]_^Jl^o  (1) 

dAdyl      dy  ^  >' 


dx       ^' 


where  the  quantities  f  are  constant.     Writing 


1 
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it  may  be  shewn  that  the  first  set  of  equations  is  replaced  by 

d(di/\_dj/_ 

S^'  /i.X 

^  =  -af  <*)■ 

Now  equations  (2)  are  equivalent  to 

Aud;^  +  A,^x^  +  ...  =  f, (2'), 

etc.; 
hence  Sfi  =  A^d^i^  +  ^A^^x^x^  +  . . . , 

that  is  2:fi;=2T^, 

and  therefore  L'  =  T„  —  T^ 


«> 


in  which  Tx  is  supposed  to  be  expressed  in  terms  of  the 
quantities  f  by  means  of  equations  (2')  and  hence  is  a  function 
of  the  y  coordinates.  Thus  the  motions  so  far  as  they  depend 
on  the  y  coordinates  are  completely  determined  by  the 
equations 

dt\dy)      dy        ' 

where  L'-T-F, 

T  is  a  homogeneous  quadratic  function  of  the  velocities  y, 
being  that  part  of  the  total  energy  which  is  due  to  the  motions 
corresponding  to  the  degrees  of  freedom  specified  by  the  y 
coordinates,  and  F  is  a  function  of  the  y  coordinates  which  is 
equal  to  that  part  of  the  total  energy  which  is  due  to  the 
motions  corresponding  to  the  degrees  of  freedom  whose  co- 
ordinates have  been  eliminated.  From  this  follows  the  possi- 
bility of  the  existence  of  a  class  of  motions  whose  complete 
history  can  be  determined  from  a  knowledge  of  one  function, 
this  function  being  a  modified  Lagrangian  function.  An 
example  of  this  class  of  motions  is  furnished  by  the  mechanics 
of  a  conservative  system  of  rigid  bodies,  the  kinetic  energy  of 
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the  system  being  the  function  denoted  above  by  T  and  the 
potential  energy  the  function  denoted  by  V.  The  Lagrangian 
function  of  the  motion  is  T—  F  and  from  the  above  jP+  F  is 
constant,  being  equal  to  the  Lagrangian  function  which  is 
expressed  in  terms  of  all  the  degrees  of  freedom.  On  this  view 
then  potential  energy  is  the  energy  of  what  may  be  termed  the 
concealed  motions,  that  is  the  energy  of  those  motions  which 
correspond  to  degrees  of  freedom  which  are  not  directly 
observed. 

Another  example  is  that  of  a  rigid  body  or  a  number  of 
rigid  bodies  moving  through  a  liquid,  the  space  occupied  by 
the  liquid  being  simply  connected  and  the  motion  of  the  liquid 
irrotational ;  in  this  case  attention  is  confined  to  the  degrees 
of  freedom  of  the  moving  bodies.  In  all  such  cases  certain 
motions  corresponding  to  degrees  of  freedom  which  can  be 
specified  by  coordinates  y  are  observed,  and  to  determine 
these  motions  completely  it  is  only  necessary  to  obtain  a  know- 
ledge of  the  modified  Lagrangian  function  which  is  the  difference 
of  two  functions,  these  being  what  are  usually  termed  the 
kinetic  and  potential  energy  functions  of  the  motion.  This 
knowledge  though  sufficient  to  determine  the  motions  depending 
on  the  observed  degrees  of  freedom,  does  not  suffice  to  determine 
the  motions  depending  on  the  concealed  degrees  of  freedom, 
the  coordinates  corresponding  to  which  have  been  eliminated. 
The  information  which  is  obtained  concerning  them,  when  the 
motion  depending  on  the  observed  degrees  of  freedom  is  of 
the  character  here  discussed,  is  that  the  coordinates  specifying 
these  concealed  degrees  of  freedom  enter  the  original  Lagrangian 
function  as  velocities  only,  and  there  are  no  terms  in  it  which 
contain  a  product  of  velocities  one  of  which  belongs  to  the 
observed  degrees  of  freedom  and  the  other  to  the  concealed 
ones. 

28.  The  second  case  is  that  in  which  the  Lagrangian 
function  contains  no  terms  of  the  type  Cxij  but  both  kinds  of 
coordinates  occur.  The  Lagrangian  function  is  in  this  case 
given  by 
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where  r^  =  ^Sil„iri' +  S-Ani^iir,, 

and  the  coefficients  A^,  A^^,  Bn,  B^y  etc.  are  functions  of  both 
kinds  of  coordinates  x  and  y.     The  equations  of  motion  are 

d  fdL\     dL 


*(i)-5=« ™ 

s(2)-g-» <«• 


and  writing  L  -  L'  -h  Sfi*, 

where  ^  ^  d^    (^)' 

the  equations  (1)  and  (2)  are  replaced  by 

dL'     .    dL'  ,., 

"^  =  "9?'    ^=a^ <^^' 

where  as  in  §27  L'^Ty-T^,, 

Tx  being  expressed  as  a  function  of  the  x  and  y  coordinates 
and  the  momenta  f  by  means  of  equations  (2).  In  the  motions 
which  belong  to  this  class  Ty  is  the  energy  due  to  the  time 
rates  of  variation  of  the  coordinates  y  which  are  the  observed 
ones,  and  Tx{=  V)  is  what  is  termed  the  potential  energy,  but, 
instead  of  being  expressed  as  a  function  of  the  x  and  y  co- 
ordinates and  the  momenta  f,  it  will  appear  as  a  function  of 
the  X  and  y  coordinates,  the  momenta  f  being  replaced  by 
their  equivalents  as  functions  of  the  x  coordinates.  Thus  in 
this  case  the  equations  of  motion 

d,(dL;\_di/^ 

dt\dyj      dy 

where  L' =  T  -  V, 

*  The  experimental  data  in  this  case  do  not  necessarily  give  the  equations 
of  motion  in  this  form  though  it  is  always  a  possible  one. 
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and  is  a  function  of  the  x  and  y  coordinates  and  the  velocities 
y,  do  not  in  general  suflfice  to  completely  determine  the  motion 
of  the  system  so  far  as  it  depends  on  the  y  coordinates.  The 
time  rates  of  variation  of  the  x  coordinates  expressed  as 
functions  of  the  time  must  in  addition  be  known ;  an  important 
case  is  that  where  the  motion  in  respect  of  those  of  the  x 
coordinates  which  occur  in  the  coefficients  is  steady,  this  steady 
motion  being  completely  known.  A  system  of  linear  circuits, 
in  which  there  are  electric  currents,  moving  in  a  given  manner 
is  an  example  of  this  class  of  motions. 

29.  The  third  case  is  that  in  which  the  Lagrangian 
function  involves  terms  of  the  type  Cxy  but  the  coefficients 
are  functions  of  the  y  coordinates  only.  In  this  case  the 
modified  Lagrangian  function  L\  which  results  when  the 
velocities  x  are  eliminated  by  means  of  the  relations 

^x~^' 

is  no  longer  of  the  form  T  —V,  where  T  is  a  homogeneous 
quadratic  function  of  the  velocities  y  and  F  is  a  function  of 
the  coordinates  y\  there  are  present  in  addition  terms  which 
are  linear  in  the  velocities  y.  As  in  §  27  a  knowledge  of  the 
modified  Lagrangian  function  is  sufficient  to  completely  deter- 
mine the  motion  so  far  as  it  depends  on  the  y  coordinates. 
The  motion  of  a  system  of  rigid  bodies  to  which  there  are 
attached  a  number  of  gyrostats  furnishes  an  example  of  this 
class  of  motions.  A  further  example  is  that  of  a  number  of 
solids  moving  through  a  liquid,  the  space  occupied  by  the 
liquid  being  multiply  connected. 

30.  The  remaining  case  is  that  in  which  the  Lagrangian 
function  contains  terms  of  the  type  Cxy  and  the  coefficients 
are  functions  of  both  kinds  of  coordinates.  In  this  case  the 
modified  Lagrangian  function  is  of  the  same  kind  as  in  §  29, 
but  it  involves  the  x  coordinates,  so  that  as  in  §  28  a  know- 
ledge of  this  function,  when,  as  in  cases  where  it  results  from 
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observation,  it  appears  as  a  function  of  the  x  and  y  coordi Dates 
and  the  y  velocities,  is  not  in  itself  sufficient  to  completely 
determine  the  motion  so  far  as  it  depends  on  the  y  coordinates. 
The  time  rates  of  variation  of  the  x  coordinates  as  functions  of 
the  time  must  in  addition  be  known  or  relations  which  are 
equivalent. 

31.  When  the  number  of  degrees  of  freedom  is  finite  the 
application  of  the  Lagrangian  method  presents  no  difficulties. 
When,  however,  there  are  an  infinite  number  of  degrees  of 
freedom,  some  means  of  identifying  the  coordinate  which  belongs 
to  a  particular  degree  of  freedom  becomes  necessary.  For 
example,  if  the  coordinates  can  be  arranged  in  a  definite  order 
forming  a  numberable  aggregate  or  if  each  is  associated  with  a 
definite  point  of  a  straight  line,  or  more  strictly  with  the 
element  of  length  of  the  straight  line  at  the  point,  this  length 
being  measured  from  a  fixed  point  on  it,  the  coordinate 
specifying  each  degree  of  freedom  can  be  identified  and  the 
Lagrangian  method  can  be  applied.  In  the  first  case  the 
Lagrangian  function  has  the  form  of  an  infinite  series  and  in 
the  second  of  a  simple  integral.  In  the  same  way  a  coordinate 
or  a  finite  number  of  coordinates  specifying  degrees  of  freedom 
can  be  associated  with  each  point  of  a  given  space ;  the 
Lagrangian  function  is  then  a  triple  integral  taken  throughout 
the  given  space,  the  coordinates  x,  y,  z  of  any  point  are  to  be 
treated  as  numbers  serving  to  identify  the  dynamical  coordinates 
and,  in  the  formation  of  the  dynamical  equation  by  varying  the 
Lagrangian  function,  are  to  be  taken  as  independent  of  the 
time.  The  degrees  of  freedom  of  an  element  of  a  continuous 
medium  can  be  specified  by  means  of  the  coordinates  of  the 
point  at  which  the  element  is  taken  and  coordinates  determining 
the  change  in  position,  size  and  shape  of  the  element  as  it 
changes  its  position*.  When  the  Lagrangian  function  of  the 
motion  is  completely  known  as  a  function  of  the  velocities 
belonging  to  all  these  coordinates,  the  coordinates  will  be 
determined  by  the  resulting  equations  as  functions  of  the  time 

*  Appendix  B. 
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and  of  the  position  of  each  element  at  a  given  time.  Now  this 
method  of  specifying  the  degrees  of  freedom  of  a  continuous 
medium,  though  convenient  when  the  Lagrangian  function  is 
completely  known,  may  be  unsuitable  when  only  part  of  the 
motions  can  be  observed.  When  part  of  the  motions  which 
are  not  directly  observed  is  the  motion  of  the  medium  in  bulk, 
it  is  more  convenient  to  conceive  of  the  degrees  of  freedom  as 
specified  by  the  coordinates  of  each  element  and  coordinates 
determining  the  change  in  size  and  shape  of  the  element  which 
at  any  time  occupies  a  given  position,  these  latter  coordinates 
6  being  then  associated  with  the  points  of  space,  not  with  the 
elements  of  the  medium.  If  from  the  coordinates  6  certain  of 
them  denoted  by  <^  can  be  chosen  so  that  the  Lagrangian 
function  has  no  terms  occurring  in  it  which  are  products  of  the 
velocities  <j)  and  of  any  of  the  other  velocities,  then  by  §§  27,  28 
the  modified  Lagrangian  function  which  results  from  the 
elimination  of  all  these  latter  velocities  is  of  the  form  T  —  V, 
where  T  is  a  homogeneous  quadratic  function  of  the  velocities 
0  and  F  is  a  function  which  does  not  involve  velocities.  Now 
the  Faraday- Maxwell  theory  of  the  electrical  behaviour  of  the 
aether  leads  to  a  Lagrangian  function  of  the  forai  T  —V, 
where 

is  the  electrokinetic  energy  and 

F=  i///(X/+  Yg  +  Zh)  dxdydz 

is  the  potential  energy,  /  g,  h  being  the  components  of  a 
vector  which  is  subject  at  all  points  of  the  free  aether  to  the 
condition 

^^4.^  +  ^  =  0, 
dx     dy     dz 

and  which  defines  at  each  point  of  space  two  independent 
coordinates  specifying  electrical  degrees  of  freedom.  It  then 
follows  that  the  coordinates  which  specify  the  degrees  of 
freedom  of  the  aether  other  than  the  electrical  ones  appear  in 
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the  original  unmodified  Lagrangian  function  as  velocities  only 
and  further,  that  there  is  no  term  in  it  which  contains  a  product 
of  one  of  these  velocities  and  a  velocity  belonging  to  an 
electrical  coordinate;  the  original  Lagrangian  function  cannot 
itself  be  constructed  from  the  data. 

32.  The  difference  between  free  aether  and  matter  being, 
according  to  the  views  here  held,  the  presence  of  discontinuities 
in  the  aether,  the  part  of  the  modified  Lagrangian  function 
which  is  contributed  by  the  spaces  occupied  by  material  media 
is  not  the  integral  of 

taken  throughout  the  whole  space.  The  places  at  which  there 
are  discontinuities  must  be  omitted  from  the  range  of  in- 
tegration and  further,  the  part  contributed  to  the  Lagrangian 
function  by  the  motions  of  these  discontinuities  must  be  added 
to  it.  This  is  the  same  thing  as  supposing  the  above  integral 
taken  throughout  the  whole  space  and  adding  to  it  a  part 
depending  on  the  discontinuities,  so  that  the  Lagrangian 
function  now  takes  the  form 

together  with  a  function  of  the  coordinates  which  specify  the 
degrees  of  freedom  of  all  the  discontinuities  and  of  the  corre- 
sponding velocities.  A  complete  knowledge  of  this  latter 
function  expressed  in  the  form  specified  cannot  be  obtained, 
and  it  has  therefore  to  be  replaced  by  something  which  will 
represent  the  effect  of  the  aggregate  as  already  stated,  §  18. 
In  the  case  of  transparent  media  observation  has  shewn  that 
the  function  to  be  added  can  be  replaced  by 

i  ///(^/i  +  Gg^  +  HK  -  Xf,  -  Yg,  -  Zh,)  dxdydz. 

in  which  the  coordinates  x,  y,  z  of  any  point  now  serve  to 
specify  motion  of  the  material  medium  as  well  as  to  identify 
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the  electrical  coordinates  of  the  aether.  Thus  in  differentiating 
/i,  9i,  K  with  respect  to  the  time,  x,  y,  z  are  to  be  treated  as 
varying  with  the  time  and  the  equations  of  motion  are  those 
already  written,  §  19.  It  has  been  shewn  that  these  equations 
lead  to  a  first  approximation  to  Fresnel's  formula  for  the  effect 
of  motion  of  a  transparent  medium  on  the  propagation  of  waves 
of  light  through  it.  The  constant  /c,  which  occurs  in  these 
equations,  depends  on  the  distribution  of  the  discontinuities 
which  constitute  the  material  medium  and  will  therefore  be 
altered  by  anything  which  changes  their  configuration.  Now 
a  change  in  the  velocity  belonging  to  any  one  degree  of  freedom 
necessitates  change  in  some  at  least  of  the  other  velocities, 
thus  corresponding  to  a  different  velocity  of  translation  of  a 
material  medium  there  will  be  a  different  configuration  of 
the  discontinuities.  To  obtain  the  new  configuration  in  terms 
of  the  former  one,  the  two  steady  states  of  motion  must  be 
compared*;  when  these  steady  states  are  similar  the  result  is 
that  obtained  by  Larmor,  Fhil.  Trans.  A,  1897.  The  alteration 
depends  on  the  square  of  the  ratio  of  the  velocity  of  translation 
to  that  of  radiation  and  contains  the  explanation  of  the 
Michelson-Morley  second  order  experiment.  In  the  case  of  any 
material  medium  the  unknown  function  depending  on  the 
degrees  of  freedom  of  the  discontinuities  must  be  supposed  to 
be  replaced  by  a  function  involving  a  less  number  of  coordinates. 
These  coordinates  may  be  either  a  number  of  the  original  ones 
or  be  functions  of  them ;  in  general  after  elimination  the 
dynamical  equations  will  be  of  the  type  treated  of  in  §  30,  the 
modified  Lagrangian  function  not  being  expressible  as  the 
difference  of  a  kinetic  energy  function  and  a  potential  energy 
function,  though  it  is  to  be  observed  that  the  coordinates 
which  specify  degrees  of  freedom  of  the  aether  other  than 
electrical  ones  do  not  enter  into  these  equations.  The  above 
result  in  respect  of  the  comparison  of  the  configurations  of  the 
discontinuities  for  two  steady  states  of  motion  still  holds  pro- 
vided these  states  are  similar,  and  effects  such  as  the  dissipation 
of  electric  energy  in  conductors,  absorption,  etc.,   are    to   be 

*  Appendix  C. 
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explained    by   changes   in    the   configuration    of    the   discon- 
tinuities. 

33.     The  theory  developed  above  is  dynamical  and  starts 
from    the   assumption    that   the    Lagrangian    function   of   the 
motions  taking  place  is  a  homogeneous  quadratic  function  of 
the  velocities    belonging   to   all    the   degrees  of   freedom.     A 
knowledge  of  a  part  only  of   these  motions  is  obtained  from 
experiment  and  the  Lagrangian  function  built  up  from  experi- 
mental data  is  the  modified  function  which  would  result  from 
the  elimination  of  the  coordinates  belonging  to  the  unobserved 
motions.      This   modified    function   in    some   cases   takes   the 
form   of  the  difference  of  two  functions  usually  termed  the 
kinetic  energy  and  the  potential  energy  of  the  motion.     The 
Lagrangian  function  built  up  from  experimental  data  which  is 
arrived  at  in  the  Faraday- Maxwell  theory  is  of  this  type,  when 
the  coordinates  specifying  degrees  of  freedom   of  the  aether 
other  than  those  which  have  been  termed  electrical  have  been 
eliminated,  and  involves,  in  addition  to  these  electrical  coordi- 
nates,  others   specifying   the    degrees   of   freedom    of  all   the 
discontinuities  in  the  aether  the  presence  of  which  constitutes 
matter.     This  modified  function,  if  it  could  be  written  down, 
would    suffice    to    determine    the    history    of    all    electrical 
changes  whether  they  are  classified  as  belonging  to  electricity, 
magnetism,  heat,  light  or  chemistry ;   a   complete   knowledge 
of  the   motions  determined  by  the  coordinates  belonging   to 
degrees  of  freedom  of  the  aether  which  have  been  eliminated 
cannot  be  obtained  from  it.     The  difference  between  magnetic 
and  non-magnetic    material   media   can   be  explained    by  the 
possible    differences   in   the   geometrical   form   of   the   discon- 
tinuities, it   being  non-magnetic  if  the   discontinuities   leave 
the  space  simply-connected,  magnetic  if  otherwise.     When  the 
effects  under  consideration  are  those  in  material  media  what  is 
obtained   is   a   Lagrangian   function    or   dynamical   equations 
involving,  instead  of  coordinates  specifying  all  the  degrees  of 
freedom  of  the  discontinuities,  a  less  number,  the  others  having 
been  eliminated,  and  what   has  to  be  aimed  at  is  equations 
involving  the  least  number  of  coordinates  which  will  effectively 
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represent  the  changes  taking  place.  When  effects  are  observed 
which  are  not  included  in  this  representation  the  number  of 
coordinates  in  evidence  must  be  increased,  these  new  effects  of 
necessity  belonging  to  the  degrees  of  freedom  the  coordinates 
corresponding  to  which  have  previously  been  eliminated.  If  an 
effect  were  observed  which  could  not  be  assigned  to  possible 
motions  corresponding  to  the  degrees  of  freedom  of  the  discon- 
tinuities, it  would  furnish  information  about  the  motions  of  the 
aether,  the  coordinates  corresponding  to  which  have  been 
eliminated,  and  hence  aid  in  the  explanation  of  gravitation, 
which  is  an  effect  belonging  to  these  concealed  motions. 

34.  It  appears  from  the  above  that  on  a  dynamical  theory 
the  existence  of  a  potential  energy  function  necessitates  the 
existence  of  concealed  motions  the  coordinates  corresponding 
to  which  have  been  eliminated.  Hence  on  the  fixed  aether 
theory  of  Lorentz,  where  the  aether  is  supposed  to  possess  only 
electrical  degrees  of  freedom,  there  could  be  no  potential  energy 
function  contributed  by  the  free  aether,  whether  the  ions  be 
supposed  to  possess  inertia  or  not.  Thus  the  theory  is  not  a 
dynamical  theory.  Even  if  the  aether  be  supposed  to  have,  in 
addition  to  the  electrical  motions,  other  motions  which  in  com- 
parison with  them  are  negligible,  it  is  difficult  to  see  how  these 
could  give  rise  to  a  potential  energy  function  contributed  by  the 
free  aether  which  would  not  be  negligible  in  comparison  with 
the  kinetic  energy  function.  A  further  objection  to  either  form 
of  the  theory  is  that  no  adequate  provision  is  made  for  the 
explanation  of  gravitation.  On  the  other  hand,  the  theory 
here  developed  is  consistent  with  the  obtaining  of  equations 
to  determine  the  electrical  motions  and  of  expressions  for  the 
mechanical  forces  due  to  these  motions  acting  on  material  media 
which  are  the  same  as  those  which  have  been  made  the  basis  of 
his  investigations  by  Larmor,  Phil.  Trans.  A,  1897,  "Aether  and 
Matter,"  1900,  and  the  results  there  arrived  at  constitute 
powerful  evidence  for  the  truth  of  these  equations  and  ex- 
pressions within  their  range  of  applicability.  Further,  the 
theory  provides  for  the  explanation  of  gravitation  and  of 
other  unexplained  effects,  if  there  should  be  any  others  which 


V]  DYNAMICAL  THEORY  47 

are  not  electrical,  by  means  of  the  concealed  motions  of  the 
aether  which  on  this  theory  give  rise  to  the  potential  energy 
function  contributed  by  the  free  aether.  It  also  shews  that, 
in  the  investigation  of  any  particular  class  of  effects,  attention 
can  be  concentrated  on  the  motions  accompanying  these  effects, 
other  motions  being  treated  as  belonging  to  coordinates  which 
have  been  eliminated,  the  simplest  case  being  that  treated  of 
§  27  where  the  characteristics  are  those  of  a  conservative  system 
and  which  includes  the  greater  number  of  physical  phenomena 
so  far  investigated. 


CHAPTER   VI. 


^      PROPAGATION   OF  ELECTRICAL   EFFECTS   IN 
SIMPLY-CONNECTED   SPACES. 

35.  In  the  investigations  of  this  chapter  the  conductors 
will  be  assumed  to  be  perfect  conductors,  the  effect  of  imperfect 
conduction  in  the  case  of  waves  of  a  frequency  as  high  as  that 
of  Hertzian  waves  being  negligible.  By  what  has  been  shewn, 
§12,  since  the  tangential  electric  force  at  the  surface  of  such  a 
conductor  vanishes,  the  wave  fronts  must  everywhere  at  the 
surface  of  a  conductor  either  be  tangential  to  it  or  cut  it  at 
right  angles.  Taking  first  the  case  where  the  wave  front  at 
the  surface  of  a  conductor  is  tangential  to  it,  it  appears  that 
the  waves  are  reflected  at  the  surface  of  a  conductor  and  then 
travel  outwards  from  it ;  thus  in  order  that  the  oscillations 
should  be  permanent  the  waves  must  all  be  reflected  again  or 
must  be  maintained  by  some  external  influence,  in  which  case 
they  are  not  free  oscillations.  In  the  case  of  a  single  conductor 
whose  exterior  surface  is  everywhere  convex  a  disturbance  of 
this  character  arriving  at  the  surface  is  reflected  there,  and  then 
travels  outwards  into  infinite  space  so  that  there  can  be  no 
permanent  free  oscillations  of  this  kind  belonging  to  such  a 
conductor.  When  the  exterior  surface  of  the  conductor  is  not 
everywhere  convex  or  when  there  are  a  number  of  conductors, 
a  portion  of  the  disturbance  will  be  reflected  a  second  time  and 
so  on,  but  the  whole  disturbance  is  not  reflected;  thus  there 
are  no  permanent  free  oscillations  of  the  character  considered 
belonging  to  the  space  exterior  to  a  system  of  conductors. 
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When  the  wave  fronts  cut  the  surface  of  a  conductor  at 
right  angles,  let  a  definite  wave  front  be  selected  and  followed 
in  its  course ;  at  any  instant  of  time  it  intersects  the  surface 
of  a  conductor  in  a  closed  curve  and,  as  the  space  is  simply 
connected,  this  curve  reduces  itself  to  a  point  somewhere  on 
the  surface  of  the  conductor,  the  wave  front  as  this  point  is 
approached  becomes  conical  in  form  and  unless  at  the  same 
time  it  intersects  another  conductor  the  wave  will  travel 
outwards  into  infinite  space  and  the  oscillations  will  not  be 
permanent.  Thus  for  permanent  free  oscillations  the  space 
determined  by  the  conducting  surfaces  must,  if  simply  connected, 
be  closed  and  finite  in  extent.  This  result  might  be  iilferred 
from  the  fact  that  it  is  the  aether  which  possesses  what  corre- 
sponds to  inertia,  and  that  the  effect  of  indefinitely  increasing 
a  simply-connected  space  which  is  occupied  by  something  which 
possesses  inertia  is  to  make  it  possible  to  have  waves  of  all 
periods  propagated  through  it. 

36.  In  illustration  of  the  foregoing  the  possible  free 
oscillations  in  the  space  between  two  concentric  spherical 
surfaces  will  be  considered.  If  f,  rj,  f  denote  orthogonal 
curvilinear  coordinates,  the  equations  expressing  current  strength 
in  terms  of  magnetic  force  and  magnetic  induction  in  terms  of 
electric  force  are,  §  9, 

where  u,  v,  w  are  the  components  of  current  strength,  a,  /3,  7 
the  components  of  the  magnetic  force,  a,  b,  c  of  the  magnetic 
induction  and  X,  F,  Z  of  the  electric  force,  these  components 
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being   estimated   along   the   normals   to   the  surfaces  defined 
respectively  by  f  =  const.,  77  =  const,  5"=  const.,  the   elements 

of  length  in  these  directions  being  -7^ ,  y- ,  -r-  .     These  are 

equivalent  to 


47ru  =  h^hr. 


d_fa 


and 


w  =  AAJ|(|)-|(£ 


-"^  =  '^^a||(g-|(J)! 


da 
di 


In  the  case  of  polar  coordinates  r,  6,  (f>  they  become 

8 


4>7ru  = 


4!7rv  = 


r^  sin  0  [du   '  ^ 

1       {da_d 


8</) 
(yr  sin  6) 


(M 


and 


r  sin  6  \d(f>     dr 


'^r^e{>^^^'^-r^(^^^\^ 


db 
dt 
do 
dt 


(dx 


r  sin  6  {d(l>      dr 


(Zr  sin  d) 


(1), 


,(2). 


.(3), 


.(4). 


The  equations  are  now  in  a  form  which  is  convenient  for  the 
treatment  of  the  space  between  two  concentric  spherical  sur- 
faces. In  the  cases  to  be  here  treated  the  concentric  spherical 
surfaces  bounding  the  space  will  be  supposed  to  be  perfectly 
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conducting  surfaces  and  the  medium  occupying  the  space  will 
be  supposed  to  be  non-magnetic.  The  magnetic  force  and  the 
magnetic  induction  are  then  identical  and  the  current  strength 
is  given  in  terms  of  the  electric  force  by  the  relations 


M  = 


47rF»  dt 


v  = 


_i  ?z 

47rF2  dt  ' 


w  = 


1     dZ 

47rF^  dt ' 


where  V  is  the  velocity  of  propagation  of  electrical  effects 
through  the  medium.  The  conditions  to  be  satisfied  at  a 
bounding  surface  are 

F=0,     Z=0. 

It  is  not  difficult  to  see  that  any  case  can  be  built  up  from  the 
following  two  simple  cases.  First  X  =  0,  F=  0  throughout  the 
space  and  on  the  boundaries,  secondly  a  =  0,  yS  =  0  throughout 
the  space  and  on  the  boundaries ;  these  correspond  respectively 
to  the  typical  cases  in  which  the  wave  fronts  are  first  tangential 
to  the  bounding  surfaces,  secondly,  orthogonal  to  them.  Taking 
the  case  where  only  the  Z  component  of  the  electric  force  does 
not  vanish,  the  equations  (3)  and  (4)  give 


i^dz 

V'dt 

dt 


^(Zr  sine), 


r'sinedO 


-1^  =  0. 

dt 


Hence 


that  is,  writing  yu,  for  cos  6, 


4—2 
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^nu  27r 


Assuming  Zr  sin  d  =  x'^  ^   ^^^  putting  TryT  =  a:,  %  satisfies  the 
equation 


31  + 

+  «")%  = 

0. 

X-- 

=  2A.(1- 

Therefore 


where  Pn  (/a)  is  the  zonal  harmonic  of  order  n,  and  n  is  an  integer, 
because  x  ^^^  ^^  ^^  finite  for  all  values  of  /^  from  —  1  to  1 
inclusive.     The  function  R^  is  given  by  the  equation 

that  is  R^  =  ri  (^ Z^+i  (/cr)  +  ^JLn-^  {kv)] . 

If  r  =  ?^jj  and  r  =  r^  define  the  bounding  surfaces  the  boundary 
conditions  give 

AJn+:^  (/CTo)  +  BJ_n-h  («^o)  =  0, 
AJn+l  (fCn)  +  BJ_n-i  (k7\)  =  0, 

whence       Jn+i  (fcvo)  J-n-i  (fcr^)  =  Jn+^  (kVi)  J-n-^  (kVo), 

an  equation  to  determine  k  and  thence  the  possible  free  periods. 
When  Vq  and  7\  are  both  finite,  this  equation  has  an  infinite 
number  of  real  roots  and  no  others;  an  interesting  particular 
case  is  that  when  Vq  =  0,  the  equation  then  is 

and  gives  the  possible  free  periods  of  electrical  oscillations 
in    a   spherical   space.     When   ri   becomes    indefinitely   great 

Jn+^iKTj)  tends  to  the  value  ^/ cos  I  kt^ ^ — tt)    and 

J-n-h  (f^'^i)  to    the  value   ./ cos  ( kt-,  +  ^  tt] ,  so   that  the 

equation  to  determine  the  free  periods  becomes 

r  /         \  f  ?^7'"\  r  /         \  /  71  +  1       \ 

Jn+i  (Kro)  COS  ( /tri  +  Yj^  ^-n-h  (^n)  COS  Un 2~~  '^  J  ' 
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an  equation  which  is  satisfied  by  all  values  of  k  when  r^  becjomes 
infinite.  The  interpretation  of  this  is  that  belonging  to  the 
space  exterior  to  a  sphere  there  are  no  free  periods  of  electrical 
oscillations  of  this  type,  but  that  waves  of  any  period  can  be 
propagated  in  it. 

Taking  now  the  case  a  =  0,  /Q  =  0,  where  the  wave  fronts  are 
orthogonal  to  the  bounding  surfaces,  the  equations  become 


4!7rv=  — 


r  sm  6  dr 
w  =  0, 

dt    rjar^  ^   de 


(yrsine), 


and  it  is  clear  that  y  satisfies  the  same  equation  as  Z  does 
above,  hence 


yrsmd  =  ^Rn(l-fJL^) 


dPn^ 
dfJL 


where  Rn  =  r*  [AJn+^  (kv)  +  BJ_n-i,  (kt)], 

the  boundary  conditions  now  being 


^  (yr  sin  6)  =  0, 

when  r  =  Vq  and  r  =  r^.    Therefore  corresponding  to  the  harmonic 
of  order  n  the  equation  to  determine  k  and  thence  the  periods  is 

7)  7) 

an   equation   possessing,  when   r^  and  r^  are  both  finite,  an 
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infinite  number  of  real  roots  and  no  others.  When  Vq  vanishes 
the  equation  is 

g;:  {rMn+i  (fcr,)}  =  0, 

giving  the  free  periods  belonging  to  a  spherical  space  for  this 
type  of  wave.  As  before,  when  Vi  becomes  indefinitely  great 
the  equation  is  ultimately  satisfied  by  all  values  of  k.  Thus 
in  the  space  exterior  to  a  sphere  there  can  be  no  permanent 
free  electrical  oscillations. 

37.  Corresponding  to  any  closed  surface  there  are,  as  was 
seen  in  §  35,  definite  free  periods  belonging  to  the  possible  free 
electrical  oscillations  which  can  permanently  exist  in  the  space 
inside.  Condensers  are  a  particular  case  of  this,  and  when  the  two 
faces  of  the  condenser  are  very  close  together  the  free  periods 
can  in  a  great  number  of  cases  be  simply  determined.  The 
results  for  various  forms  of  thin  condensers  have  been  given  by 
Larmor*.  Taking  equations  (1)  and  (2)  §36  and  choosing  the 
surfaces  fso  that  ?=  ?o,  5"=  ?i  ^^^  ^^e  two  bounding  surfaces  of 
the  condenser,  a  choice  which  can  always  be  made  when  the 
electrostatic  problem  is  solved,  the  boundary  conditions  are 
X  —  O,  Y=0  at  both  surfaces. 

Two  cases  arise,  the  one  being  that  for  which  X  and  Y  both 
vanish  throughout  the  condenser  and  for  which  the  wave  fronts 
cut  the  surfaces  of  the  condenser  orthogonally,  the  other  being 
the  conjugate  case  for  which  a  and  yS  vanish  throughout  and  for 
which  the  wave  fronts  are  tangential  to  the  bounding  surfaces. 
In  the  second  case  it  is  clear  that  the  wave  lengths  will  be  very 
short  and  therefore  the  periods  will  be  very  high,  so  that  the 
first  is  the  important  case;  for  it  equations  (1)  and  (2)  become 

4.«;  =  /,A||(g-|(|)), 


da_         d  (Z 


''■10' 


*  Proc.  Lond.  Math.  Soc.  Vol.  xxvi.  1894. 
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1  a«z    ,  ,  r 


aft  fh  dl\hj]^dv\h,  dvWW 


When  the  surfaces  determined  by  ^=2,  and  ?=?!  are  closed 
surfaces,  this  equation  suffices  to  determine  completely  the 
circumstances,  the  condition  that  Z  should  be  everywhere  in 
the  medium  finite  determining  the  possible  free  periods.  An 
example  is  furnished  by  the  case  of  a  spherical  condenser ;  the 
result  in  this  case  is  at  once  deduced  from  the  frequency 
equation  given  in  §  36  which  becomes,  when  r,  —  ro  is  very 
small, 

n  being  an  integer. 


When  the  bounding  surfaces  are  not  closed  surfaces,  the 
contours  bounding  the  surfaces  may  be  supposed  to  be  joined 
by  a  perfectly  conducting  surface  determined  by  some  relation 
between  f  and  rj,  the  tangential  electric  force  over  this  surface 
would  have  to  vanish  and  this  condition  would  give  an  equation 
to  determine  the  free  periods.  In  actual  condensers  the  medium 
between  the  two  faces  is  in  communication  with  the  medium 
outside,  the  ends  not  being  closed ;  if  waves  proper  to  the 
space  closed  as  above  be  supposed  to  be  set  up  and  then  left 
to  themselves,  their  energy  would  be  rapidly  radiated  into  space, 
as  the  conditions  imposed  suppose  them  to  be  reflected  at  the 
ends.  If  the  faces  at  the  ends  be  supposed  to  be  so  close 
together  that  their  distance  apart  at  any  point  is  small 
compared  with  the  wave  length  of  a  possible  oscillation,  an 
approximation  to  the  free  periods  of  these  possible  oscillations 
can  be  obtained  on  the  assumption  that  the  ends  of  the 
condenser  are  loops,  the  condition  then  being  that  the  magnetic 
force  tangential  to  the  edge  of  a  face  vanishes. 

When  the  condenser  is  formed  by  two  nearly  closed  surfaces 
the  free  periods  so  found  will  differ  but  slightly  from  those 
found  on  the  assumption  that  the  surfaces  are  closed.  For 
example,  in  the  case  of  the  condenser  formed  by  two  concentric 
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spheres  pierced  by  small  apertures,  one  in  each  sphere  opposite 
each  other,  the  frequency  equation  is 

n(n  +  l)  =  kW^\ 

where  n  is  not  now  an  integer  but  is  determined  by  the  condition 
that 

at  the  edge  of  the  aperture.  If  a  be  the  angle  subtended  by 
the  radius  of  the  aperture,  supposed  circular  and  very  small, 
at  the  centre  of  the  sphere,  the  roots  of  this  equation  are 
given  by* 

where  h  has  all  positive  integral  values  including  zero  and  these 
values  differ  but  little  from  the  integral  values  of  n.  It  may 
be  inferred  by  reasoning  similar  to  that  of  §  35  that  in  the  case 
of  a  partially  enclosed  space,  the  boundary  being  supposed  to 
be  perfectly  conducting,  free  oscillations  with  a  certain  degree 
of  persistence  are  possible,  the  persistence  being  considerable 
if  the  linear  dimensions  of  the  aperture  are  small  compared 
with  the  wave  length,  or  if  the  aperture  is  a  slit  whose  width 
is  everywhere  small  compared  with  the  wave  length.  An 
approximation  can  be  obtained  in  the  case  of  a  condenser 
whose  faces  are  parallel  plates  at  a  distance  d  apart  small 
compared  with  the  wave  length  X.  The  correction  for  the 
open  end  is  approximately  a  which  is  given  byf 

d 


a  —  — 

TT 


iog^  +  n'(0)  +  | 


and  the  magnetic  induction  in  the  space  between  the  plates 
approximately  given  by 


c  =  A 


'  .    Itt  ,  .  ,      ird        ^TTX  .       ~\ 

sin  — -  {x  —  a)  cos  nt  — r-  cos  ^—  sin  7it    , 

A.  A»  A(  J 


*  Macdonald,  Proc.  Lond.  Math.  Soc.  Vol.  xxxi.    1899. 
t  Appendix  D. 


Vl]  IN  SIMPLY-CONNECTED  SPACES  57 

where  27r/n  is  the  period ;  whence  the  radiation  from  the  open 
ends  can  be  calculated. 

38.  If  the  two  bounding  surfaces  of  the  condenser  are  not 
closed  surfaces,  the  free  periods  will  be  practically  unaltered  by 
joining  the  opposite  faces  by  a  very  thin  wire,  whether  the  ends 
be  supposed  closed  by  a  perfectly  conducting  surface  or  not. 
For  example,  take  the  case  of  the  condenser  formed  by  two 
circular  plates  of  equal  area,  the  one  being  exactly  opposite  to 
the  other.  If  Vi  be  the  radius  of  either  plate,  Vq  the  radius  of  a 
thin  wire  joining  them  at  their  centres,  the  frequency  equation, 
when  the  ends  are  supposed  closed  by  a  perfectly  conducting 

surface,  is  Jn  (kv,)  =    "  /  °;  F„  (kv,), 

where  n  is  any  integer,  and  when  the  ends  are  not  closed  is 

•^"'(-■)=^?)^"'<->- 

In  either  case,  Vq  being  very  small,  no  new  free  period  is 
introduced  and  the  alteration  in  those  already  existing  is  very 
small. 

When  the  bounding  surfaces  of  the  condenser  are  closed 
surfaces  a  new  period  is  introduced  by  joining  the  faces,  this 
period  being  very  long.  In  the  case  of  the  condenser  formed 
by  two  concentric  spherical  surfaces,  let  the  wire,  supposed  to 
be  very  thin,  be  taken  as  the  axis  of  the  harmonics,  then  for 
oscillations  in  which  the  nodal  lines  are  circles  of  latitude,  the 
frequency  equation  is 

n(n  +  l)  =  K^ro\ 

where  n  satisfies  the  equation 

Pn{-  cos  a)  =  0, 
a  being  the  angle  subtended  at  the  centre  of  the  sphere  by  the 
radius  of  the  wire.     The  roots  of  this  equation  are  given  by* 

1 

n  =  k+  -, 

21og- 
*  Macdonald,  loc.  cit. 
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where  k  has  all  integral  values  including  zero;  and  corresponding 
to  ' 

there  is  a  possible  oscillation  of  very  long  period. 

39.  When  a  constraint  is  suddenly  set  up  or  removed  at 
any  point  of  the  medium,  the  corresponding  disturbance  is 
propagated  outwards  from  this  point  in  all  directions  with  the 
velocity  of  radiation,  each  point  taking  it  up  as  it  arrives  there 
and  reverting  to  a  steady  state  after  it  has  passed  over  it. 
The  complete  solution  in  any  case  where  the  original  disturbance 
is  confined  to  a  finite  space  is  to  be  found  by  the  application  of 
the  results  of  §  15 ;  examples  have  been  worked  out  in  detail 
by  Heaviside*.  The  distinctive  feature  of  such  cases  is  that 
the  disturbance  produced  at  any  point  lasts  for  a  definite  time, 
which  can  be  very  simply  determined.  When,  however,  the 
space  in  which  the  disturbance  originates  is  not  finite  there  is 
no  such  definite  time.  An  example  of  this  kind  is  furnished 
by  the  suppression  of  a  field  of  electric  force  external  to  a 
conducting  surface,  the  space  outside  the  conductor  being 
infinitely  extended.  In  this  case  a  continuous  series  of 
disturbances  arrive  at  the  surface  of  the  conductor,  are  reflected 
there  and  then  propagated  outwards  into  space.  A  knowledge 
of  the  reflected  disturbances  is  sufficient  to  determine  the 
distribution  on  the  surface  at  any  time  subsequent  to  the 
suppression  of  the  field  of  force.  An  example  of  this  kind  is 
that  where  a  uniform  field  of  electric  force  external  to  a  sphere 
is  suppressed ;  the  expression  for  the  magnetic  force  due  to  the 
reflected  disturbances  is  that  given  by  J.  J.  Thomson  f 


a  sin  6  {. 


a      a']      <'''•-'•> 


*  Electrical  Papers,  Vol.  ii.  pp.  375—467. 

t  Proc.   Lond.   Math.   Soc.  Vol.   xv.   p.  210,   1884 ;    Recent  Researches  in 
Electricity  and  Magnetism,  p.  370. 
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where  ^  =  ^(^^"^)' 


tan  d  = tan  - : 

r +  a        3 

and  this  expression  exists  up  to  a  distance  from  the  centre  of 
the  sphere  a  +  Vt,  which  defines  the  greatest  distance  to  which 
the  reflected  disturbances  have  attained  at  a  time  t  subsequent 
to  the  suppression  of  the  field  of  force.  The  electrical  distri- 
bution on  the  surface  of  the  sphere  at  any  instant  immediately 
follows.  The  example  of  an  ellipsoidal  conductor  under  the 
same  circumstances  has,  more  particularly  for  the  case  when  the 
ellipsoid  is  of  revolution  about  its  greatest  axis,  been  investigated 
by  Abraham*. 

40.  It  appears  from  §  37  that,  when  there  are  condensers 
whose  bounding  surfaces  are  not  closed  or  partially  enclosed 
spaces,  the  bounding  surfaces  being  in  both  cases  supposed  to 
be  perfectly  conducting,  there  are  free  oscillations  belonging  to 
these  spaces,  which  after  having  been  set  up  have  their  energy 
radiated  out  from  the  ends  of  the  condenser  or  through  the 
aperture  of  the  partially  enclosed  space,  the  rate  at  which  the 
oscillations  die  away  depending  on  the  nature  of  the  aperture. 
The  possibility  of  successive  reflexions  of  the  waves  in  the 
simply-connected  space  is  the  essential  condition  for  the 
continued  existence  of  free  oscillations  whether  permanent 
or  not ;  it  therefore  follows  that  there  will  be  possible  free 
oscillations,  though  not  permanent,  when  there  is  a  space 
occupied  by  a  dielectric  medium  which  is  different  from  the 
medium  surrounding  it. 

As  an  illustration  let  there  be  two  dielectric  media,  one  of 
them  occupying  the  space  inside  the  surface  of  a  sphere  of 
radius  r^,  the  other  the  space  outside  this  surface,  and  let  the 
ratio  of  the  squares  of  the  velocities  of  radiation  in  the  two 

*  Annalen  der  Physik  urid  Chemie,  Bd.  66,  1898. 
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media  be  K.     Then  as  in  §  36  the  solution  proper  to  the  space 
inside  the  sphere,  omitting  the  time  factor,  is  given  by 

ryr  sin  e  =  Ari  J^,.^  (kt)  (1  -  /.^)  ^^ , 

that  case  being  considered  where  the  wave  fronts  are  orthogonal 
to  the  surface  of  the  sphere  and  where 

V  being  the  velocity  of  radiation  in  the  medium  inside  the 
sphere.     The  solution  for  the  space  outside  the  sphere  is  given 

dP 

by    yr  sin  6  =  A'r^  [J_n-^  {\r)  -  g-(-+^)  - Z^+j  (\r)}  (1-/.^)  ^" , 

where  \^  =  y^^  =  Kk\ 

Both  media  being  assumed  to  be  non-magnetic,  the  boundary 
conditions  are 

A  Jn^^  {kV,)  =  A'  {J_n-i  (\n)  -  e-(^+^'  -  Jn+i  {Xn)}, 

whence  the  equation  to  determine  k  is 

that  is  after  reduction 

K  Jn-i  (zero)  {J-n-i  (Xr-o)  -  e-<"+^)  -  J^+i  (Xro)) 

=  -  X  J"^^.  (/cro)  {J-n+i  (Xro)  -f  e-^"+i)  -  J-^..  (Xro)}. 

It  will  be  sufficient  as  an  illustration  to  consider  the  case 
when  n  =  l;   in  this  case  the  equation  becomes 


K  Sm  KTo 


(        \\      ^   /sm  kTq  \ 

U  -  — -    +  X cos  zero   =  0, 

V       Xro/  V    /^n  / 

that  is  tan  kv^  —  - 


K         X   ' 

IK— 1 

Xr-o     zero 
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or  tan  kt^  =  ^        . 

The  roots  of  this  equation  have  their  imaginary  parts 
negative,  these  being  very  great  when  K  differs  but  little 
from  unity ;  thus  where  the  media  have  their  velocities  of 
radiation  nearly  equal  free  oscillations  die  away  almost  instan- 
taneously, when  the  velocities  of  radiation  differ  considerably 
the  oscillations  will  persist  for  some  time. 

41.  The  result  of  the  preceding  is  that,  when  a  space 
bounded  by  conductors  is  simply  connected,  there  are  free 
oscillations  belonging  to  finite  spaces  occupied  by  dielectric 
media,  for  any  given  finite  space  there  being  definite  free 
periods  which  in  general  will  be  infinite  in  number.  When 
there  are  spaces,  occupied  by  dielectric  media,  which  are 
partially  enclosed  by  conducting  surfaces  free  oscillations  are 
possible,  these  oscillations  dying  away  with  a  rapidity  depending 
on  the  dimensions  of  the  aperture  by  which  the  medium  in  the 
partially  enclosed  space  communicates  with  that  outside.  When 
there  are  closed  spaces  in  the  medium  occupied  by  different 
dielectric  media,  free  oscillations  are  possible  which  decay  with 
a  rapidity  depending  on  the  difference  between  the  velocities 
of  radiation  in  the  medium  occupying  a  closed  space  and  in  the 
surrounding  medium.  These  results  can  be  utilised  to  form 
an  idea  of  what  is  taking  place  when  electrical  disturbances  are 
generated  as  in  the  case  of  Hertz'  oscillator.  The  disturbances 
generated  are  propagated  outwards  from  it  with  the  velocity  of 
radiation  of  the  surrounding  medium,  and  if  this  medium  were 
everywhere  the  same  and  there  were  no  partially  enclosed 
spaces  bounded  by  conducting  surfaces,  the  disturbances  would 
cease  instantaneously  to  be  propagated  outwards  when  they 
ceased  to  be  generated.  This  agrees  with  Bjerknes'*  experi- 
ments where  the  disturbances  are  found  to  die  away  almost  at 
once. 

*  Annalen  der  Physik  und  Cheniie,  Bd.  44,  1891. 


CHAPTER  YII. 

PROPAGATION   OF  ELECTRICAL  EFFECTS   IN 
MULTIPLY-CONNECTED  SPACES. 

42.  If  there  is  a  single  perfect  conductor  whose  surface 
is  such  that  the  space  outside  it  is  doubly  connected,  then 
resuming  the  argument  of  §  35  and  considering  the  case  where 
the  wave  fronts  cut  the  surface  of  the  conductor  orthogonally, 
it  follows  that  starting  from  any  position  of  a  wave  front  cutting 
the  surface  of  the  conductor  in  a  closed  curve  A,  and  travelling 
with  this  wave  front,  the  curve  A  will  in  no  position  become 
evanescent,  and  free  permanent  electrical  oscillations  will  be 
possible,  their  periods  being  determined  by  the  condition  that, 
when  the  wave  front  has  returned  to  the  position  from  which 
it  started,  the  wave  is  in  the  same  phase.  This  result  as  well 
as  that  of  §  35  can  be  deduced  from  the  equations  (6)  of  §  13. 
The  result  can  be  extended  at  once  to  the  case  where  there  are 
any  number  of  conductors  and  the  order  of  connexion  of  the 
space  is  any  integer  greater  than  two.  The  simplest  case  is 
that  of  a  very  thin  wire  in  the  form  of  a  closed  circuit ;  the 
free  periods  in  this  case  are  given  by  s/nV,  where  s  is  the 
length  of  the  wire,  V  is  the  velocity  of  radiation  in  the 
medium  outside  the  wire  and  n  is  any  integer. 

43.  A  solution  can  easily  be  obtained  for  the  case  of  waves 
propagated  in  the  direction  of  any  number  of  parallel  straight 
conductors.  Let  the  axis  of  z  be  chosen  in  the  direction  of  the 
conductors  and  let  the  transformation 
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be  determined  so  that  the  curves  r)  —  const,  include  the  bound- 
aries of  the  cross  sections  of  the  conductors  by  any  plane 
parallel  to  z^O;  the  equations  expressed  in  terms  of  the 
coordinates  f,  77,  z  are,  §  36,  the  medium  being  supposed 
non-magnetic, 


--'•MiO-K©} 


Hi 


4,'jrv  ^h^fh 


-f  ='^'^  11(f) -al©l ' 

In  this  case  the  wave  fronts  are  plane  and  are  given  by  0  =  const. 
Hence  the  equations  become,  remembering  that 


h^  =  1,     hx  =  h^ 


J, 


4iri)  =  J 


dz 


&)' 


dz\jj 
dt~    dz\jj' 


o'J^' 
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From  the  last  of  these  it  follows  that  X  and  Y  can  be  derived 
from  a  potential  i|r,  that  is 


-^t. 

and  the  other 

equations  become 

J  d'f 

-4A§)- 

=  ^a4j). 

0  = 

d  f0\     d  / 
'  d^  [jj     dv  [ 

da 
-dt  = 

dt 

d^^ 

dzd^' 

which 

are  all  satisfied  if 

1 

d'^lr      d'^jr 

v 

dt'  ~  dz' ' 

d^yjr 
dP^ 

dr)' 

The  boundary  conditions  are  satisfied  if  y^  is  constant  over 
the  boundary.     The  type  of  solution  is  then  given  by 

thus  whenever  the  transformation  can  be  found,  the  corre- 
sponding problem  can  be  solved.  For  any  number  of  thin 
wires  the  solution  is 

y\r  =  l^A  logr.e'''(^^±^), 

where  r  is  the  distance  from  one  of  the  wires  and  the  summation 
is  extended  to  all  the  wires.  This  result  can  be  used  to  obtain 
the  effect  of  a  cylindrical  conductor  on  the  waves  in  the  wire. 
For  example,  the  effect  of  a  circular  cylindrical  conductor,  when 
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there  is  one  wire  outside  it  parallel  to  it,  is  obtained  by  sup- 
posing the  cylinder  to  be  removed  and  another  thin  wire  placed 
at  the  image  of  the  former  in  the  cylinder.  The  solution  for 
the  case  where  the  medium  is  not  the  same  throughout  can 
also  be  obtained  in  two  cases,  viz.  when  the  surfaces  separating 
two  different  media  are  planes  perpendicular  to  the  wires,  and 
when  the  surfaces  separating  them  are  cylindrical,  their  gene- 
rators being  parallel  to  the  wires*. 

44.  It  was  shewn  in  §  13  that,  if  the  magnetic  force  at  each 
point  of  the  surface  of  the  perfect  conductors  were  known,  the 
electric  and  magnetic  forces  at  each  point  of  the  medium  could 
be  expressed  in  the  form  of  surface  integrals  taken  over  the 
surfaces  of  the  conductors.  When  a  conductor  is  a  very  thin 
wire,  these  surface  integrals  become,  in  the  limit,  line  integrals 
taken  along  the  wire  and  equations  (6)  §  13  take  the  form 

82  d-'  d" 

dydx  dy^  dydz 


ds. 


=  /(^^;^,T^  +  ^1 5:^2  +  ^1  ^^  +  '^'^i  ]L''—ds, 


=/(,, 


dzd^'^'^'d^'^'^'dz^'^'' 


■'•) 


ds, 


where,  to  a  factor,  L  is  the  line  integral  of  the  magnetic  force 
taken  round  the  section  of  the  thin  wire.  Observinsr  that 
Zi,  Wi,  Ui  are  now  the  direction  cosines  of  the  tangent  to  the 
wire  at  a  point  (xq,  y^,  Zq)  on  it  and  that 


d  /e-"'''\ 


= 


dx\   r  )  dxo\rJ' 

the  expressions  for  X,  F,  Z  become 


etc., 


/,— tier) 


_dy 


'I 


g-tKV 

r 


K^m^L 


\ds, 
-Ids, 


*  Of.  Lord  Rayleigh,  Phil.  Mag.  August,  1897. 


M.  E.  w. 


66  PROPAGATION    OF    ELECTRICAL   EFFECTS  [VII 

which,  since  the  wire  forms  a  closed  circuit,  are  equivalent  to 

OX  J    r     OS  J  r 

Y  =  ^^  l- —  ■^:—  ds  +  K^  \m^L ds, 

oy  J    r     OS  J  r 

Z  =  —   ^  ds  +  K^l  rijL ds. 

oz  J    T     OS  J  r 

It  remains  now  to  determine  L  to  satisfy  the  boundary  con- 
ditions at  the  surface  of  the  wire.  Assuming  that  the  radius 
of  the  wire  r^  is  small  in  comparison  with  the  wave  length,  at  a 
point  on  the  wire 

'e--^  aZ  ,  - ,         dL 

—  —  c^5  =  -  2  log  r-o  ^ 
r     OS  ^      OS 


liL  ds=-  2li  log  TqL, 


r 
where  L,  —  ,  Z,,  etc.  are  the  values  of  these  quantities  at  the 

OS 

point  of  the  wire  under  consideration,  the  curvature  of  the 
wire  at  that  point  being  continuous,  and  only  the  most  im- 
portant parts  of  the  integrals  being  retained.  In  the  case 
then  of  a  single  wire  forming  a  closed  circuit,  the  condition  to 
be  satisfied  at  any  point  is  that 


-2logn(|^  +  «^x). 


this  being  the  component  of  the  electric  force  along  the  wire, 
should  vanish  at  every  point  of  it.  The  component  of  the 
electric  force  tangential  to  the  cross  section  of  the  wire  ob- 
viously vanisljes.     The  above  condition  requires 

and  further,  since  after  travelling  round  the  circuit  once  L  must 
return  to  the  value  from  which  it  started,  kSq  must  be  a  multiple 
of  27r,  where  Sq  is  the  length  of  the  wire.  The  expressions  for 
the  components  of  the  electric  force  at  any  point,  when  there  is 
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a  single  thin  wire  in  the  form  of  a  closed  circuit  along  which 
steady  waves  are  travelling,  are 

X^U^[l /«.„ .'«■<-'•) ^*  +  .„'jl,e^'-i-r>  J}  , 
F  =  I  ^„  {|  /«,„  e«-<'-') ^  +  -.,„'Jm,^'-('- •■) *'j , 

^  =  i^,„  g  J.«„ e"-C-!  J  +  «™^  J«,^'- '-••>  J}  , 

where  A^  =  C^  e**-^^,  (7^  is  a  constant,  and  Km  —  2m7r/5oi  ^  being 
an  integer.  These  expressions  hold  accurately  in  the  limit  when 
the  cross  section  of  the  wire  is  indefinitely  diminished,  provided 
that  the  curvature  is  at  all  points  of  the  circuit  continuous. 

45.  When  the  wire  is  not  supposed  to  be  indefinitely  thin, 
these  expressions  will  still  be  a  first  approximation  to  the  accu- 
rate ones.  The  component  of  the  electric  force  normal  to  the 
surface  of  the  wire  at  any  point  along  a  cross  section  has  a 
term  which  involves  logro  as  a  factor,  where  r^  is  the  radius  of 
the  thin  wire.  The  next  term  in  order  of  magnitude  cannot 
be  obtained  from  the  line  integral ;  to  obtain  it  the  surface 
integrals  of  equations  (6)  §  13  must  be  used,  as  to  this  order 
the  magnetic  force  cannot  be  taken  constant  along  a  cross 
section.  The  result  will  be  a  term  which,  when  r^  is  small 
compared  with  the  radius  of  curvature  of  the  wire,  is  negligible 
in  comparison  with  the  first  term.  Thus  the  result  given 
above  §  44  is  applicable  in  the  case  of  a  thin  wire  whose  radius 
7*0  is  small  compared  with  the  radius  of  curvature  of  the  wire 
and  with  the  wave  length  of  the  oscillations*. 

46.  When  electric  waves  are  incident  on  a  closed  perfectly 
conducting  wire  the  surface  integrals  must  also  be  used  to 
express  the  electric  forces,  as  in  this  case  the  line  integral  of 

*  The  case  of  a  wire  in  the  form  of  a  circle  has  been  discussed  by  Pocklington, 
Camb.  Phil.  Soc.  Proc.  1892;  he  finds  a  complex  value  for  the  fundamental 
period  when  the  cross  section  is  finite ;  this  has  arisen  from  his  expressing  the 
electric  forces  by  means  of  line  integrals,  which  is  illegitimate  when  the  cross 
section  is  finite;  in  the  limit  when  the  cross  section  is  negligible  his  results 
agree  with  those  which  would  follow  from  the  methods  set  forth  above. 

5—2 
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the  magnetic  force  taken  round  a  curve  looping  the  wire  is 
evanescent  with  the  curve.  Thus  L  is  zero  so  far  as  it  depends 
on  the  incident  waves,  and  if  the  cross  section  of  the  wire  be 
supposed  to  be  circular  the  magnetic  force  at  any  point  on  it 
will  be  expressible  as  a  Fourier  series  involving  sines  of  mul- 
tiples of  the  azimuth.  The  induced  vibrations  will  be  most 
definite  when  the  coeflScients  in  this  Fourier  series  are  periodic 
of  the  same  period  as  a  system  of  steady  waves  belonging  to 
the  circuit,  and  then  waves  will  travel  along  the  wire  with  the 
velocity  of  radiation  of  the  medium  outside  the  wire  just  as  in 
the  case  of  the  waves  belonging  to  the  circuit.  These  induced 
vibrations  have  been  utilised  by  Blondlot*  to  determine  experi- 
mentally the  circumstances  of  the  propagation  of  electric  waves 
along  wires. 

In  the  above  the  wires  have  been  assumed  to  be  perfectly 
conducting;  the  effect  of  imperfect  conduction  in  a  straight 
wire  has  been  discussed  by  Sommerfeld+,  the  result  arrived  at 
being  that  the  effect  is  very  small.  The  investigation  assumes 
that  the  energy  of  the  waves  is  dissipated  according  to  Ohm's 
law,  which  although  true  for  very  long  waves  is  unlikely  to 
hold  for  short  waves;  evidence  for  any  theory  as  to  how  the 
propagation  of  waves  of  short  wave  length  is  affected  by  resist- 
ance has  yet  to  be  obtained.  The  results  of  §  44  for  a  single 
cLrcoit  can  now,  in  virtue  of  what  has  been  stated  as  to  induced 
vibrations  in  a  circuit,  be  extended  to  any  number  of  circuits, 
the  result  being  a  sum  of  expressions  of  the  kind  there  given. 
This  can  be  used  to  construct  solvable  cases  as  to  the  effect  of 
conductors  on  waves  in  a  closed  circuit  just  as  in  the  case  of 
potential  theory. 


*  Jamwml  de  Pkgdfue,  Tol.  x. 

f-Jmmalem  der  Pkynk  und  Ckemde,  Bd.  67, 1899. 
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47.  It  has  already  been  shewn  in  Chapter  IV.  that 
Maxwell's  second  expression  for  the  electrokinetic  energy, 
which  expresses  it  as  one  half  of  the  vector  product  of  the 
magnetic  induction  and  the  magnetic  force  per  unit  volume, 
is,  in  any  case  where  electrical  effects  are  being  propagated, 
inconsistent  with  his  first  expression,  which  is  the  one  built 
up  from  the  results  of  observation.  The  analytical  expression 
for  the  change  of.  electric  energy  inside  any  closed  surface,  or 
for  the  rate  of  transfer  of  energy  across  the  surface,  will  therefore 
be  different  from  that  given  by  Poynting*,  who  has  in  his 
investigation  taken  the  second  expression  for  the  measure  of 
the  electrokinetic  energy. 

The  amount  of  electric  energy  inside  a  closed  surface,  which 
does  not  enclose  any  conductors  or  electric  charges,  is  by  §  23 

i///l^/+  Gg  +  Hh+  Z/+  Yg  +  Zh]  dxdydz, 

where  F,  G,  H  are  the  components  of  the  electrokinetic 
momentum,  X,  F,  Z  are  the  components  of  the  electric  force, 
y,  g,  h  are  the  components  of  the  electric  displacement  at  the 
point  X,  y,  z,  and  the  integral  is  taken  throughout  the  space 
enclosed  by  the  surface.  The  time  rate  of  change  of  this 
quantity  is 

^SLW^  Gg  +  Hh+  Ff+  Gg  +  Hh 

+  Z/+  Yg  +  Zh+Xf^  Yg  +  Zh]  dxdydz; 

*  Phil.  Traru.,  1884. 
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now  X  =  4>7rV%     Y==4>7rV%     Z  =  i,7rV% 

,         ^         dF     d(f>    ^^        dG     d6     „        dH     d6 

dt      da;  dt       dy  dt       dz 

whence  the  time  rate  of  increase  of  the   energy  inside  the 
surface  is 

ijfj{Pf+  Gg+Sh-  Ff-  Og  -  ith 

In  the  case  of  the  propagation  of  waves  of  one  definite 
period,  if  there  are  no  electric  charges  present  except  those 
which  are  oscillating,  <^  will  be  zero  and  the  above  expression 
will  vanish  identically*,  so  that,  in  this  case,  the  amount  of 
energy  inside  a  closed  surface,  which  does  not  enclose  any 
conductors  or  electric  charges,  is  constant.  If  in  the  same  case 
there  are  present  electric  charges  in  addition  to  the  oscillating 
ones,  the  time  rate  of  increase  of  the  energy  inside  is 


i\K'J^fy'-t']^'y'- 


whence  the  total  change  for  a  complete  period  is  zero.  When 
there  are  present  waves  of  different  periods,  the  total  change 
for  a  time,  which  is  a  multiple  of  all  the  periods,  vanishes,  and 
in  every  case  the  energy  travels  with  the  waves. 

48.  When  there  are  electric  charges  inside  the  surface,  to 
obtain  the  time  rate  of  change  of  the  energy  inside  the  surface, 
the  rate  of  change  due  to  the  motions  of  the  moving  charges 
must  be  added.  Remembering  that  the  components  of  the 
mechanical  force  acting  on  the  unit  of  volume  are 

{X  +  ryq-Pr)p,  {Y+ar-yp)p,  (Z  +  0p-(xq)p, 

where  p  is  the  density  per  unit  volume  of  electric  charge, 
p,  g,  r  are  the  components  of  the  velocity  of  the  charge,  and 
a,  /3,  7  are  the  components  of  the  magnetic  force  at  the  point, 

*  See  Appendix  C. 
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the  time  rate  of  increase  of  the  amount  of  electric  energy  inside 
the  surface  is 

j^  'iflfi^^  ■¥Ov  +  Hw  +  Z/+  Yg  +  Zh]  dxdydz 

-\-JJf{(X+yq  -  /3r)  pp  ■\- {Y -\- ar  -  yp) pq 

+  {Z-\-  Pp  —  aq)  pr]  dxdydz, 

where  m,  v,  w  are  the  components  of  the  total  current.     This 
expression  is  equivalent  to 

I . i///(i'«  +Gv  +  Hw]  dxdydz  +  ///{X (/+  pp)  +  Y{g  +  pq) 

-\-  Z{h  +  pr)]  dxdydz, 
that  is,  to 

J .  J SS5[Fu  +Gv  +  Hw\  dxdydz  +  J5S[Xu  4-  Fv  +  Zw]  dxdydz. 

Writing  for  the  current  strengths  their  equivalents  in  terms 
of  the  magnetic  force,  the  above  expression  becomes 


}^d 
Sirdt, 


///[ni-S)-''e-i)-«(S-i) 

IjTrj.'J         \dy      dzJ  \dz     ex  I  \dx      dy 


dyj_ 


47r  j.'J  I  ^^  \dy 
that  is,  integrating  by  parts 

^  :^//[^(^7-«^)  +  G(noi  -  ly)  +  H(l^-ma)]  dS' 

OTT  dt 


dxdydz 
dxdydz, 


+  ~  JJ[X  (my  -n^)+Y  (na  -ly)^-Z  {l^  -  ma)]  dS' 

tJTT 


///[•f|-S*KS-f)*v{'l-f)]^*^ 

Now  the  volume  integral  in  the  above  expression  is  equi- 
valent to 


1    d 
S-Trdt. 

+ 


^^^ffK^'  +  ^'-^y')  dxdydz 


-LIIK- 


S+4"*'S)"="". 
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which  vanishes.  Hence  the  rate,  at  which  energy  is  transferred 
across  the  surface  into  the  space  inside  it,  is 

i-  4^  jj  [F  (my  -n^)  +  G  (na  -ly)  +  H  (1/3  -  ma)]  dS' 
oTT  at 

+  ^//[^  (^7  -  ^'/3)  +Y(na-  ly)  +Z{IP-  ma)]  dS\ 

where  I,  m,  n  are  the  direction  cosines  of  the  normal  to  the 
surface  at  the  point  drawn  outwards.  If  e  is  the  angle,  which 
the  normal  to  the  surface  makes  with  the  direction  which  is 
perpendicular  to  the  directions  of  the  magnetic  and  electric 
forces,  the  angle  between  these  two  directions  being  0,  and  6i  is 
the  angle,  which  the  normal  to  the  surface  makes  with  the 
direction  which  is  perpendicular  to  the  directions  of  the 
magnetic  force  and  the  electrokinetic  momentum,  the  angle 
between  these  two  directions  being  6^,  the  amount  of  energy, 
which  in  time  dt  crosses  the  element  of  area  dS'  of  the  surface 
at  the  point,  is 


-—  -T-  MH  sin  6^  cos  61+7—  EH  sin  6  cos  e 
^Trdt  '      47r 


dt  dS', 


where  M  is  the  resultant  electrokinetic  momentum,  H  is  the 
resultant  magnetic  force,  and  E  is  the  resultant  electric 
force. 

The  first  term  in  the  above,  when  summed  for  a  complete 
period,  when  there  are  oscillations  of  only  one  type,  or  for  a 
time,  which  is  an  integral  multiple  of  all  the  periods  belonging 
to  the  waves  which  in  any  case  are  present,  vanishes,  and  there 
will  remain  the  time  integral  of  the  second  term,  which  is 
Poyn ting's  expression  for  the  rate  of  transfer  of  the  energy ;  so 
that,  for  a  time  after  which  the  state  of  affairs  inside  the 
surface  is  the  same  as  at  the  beginning,  the  expression  for  the 
amount  of  energy,  which  crosses  the  surface,  will  be  the  same, 
whether  Poynting's  expression  for  the  rate  of  transfer  or  the 
above  be  taken ;  in  any  other  case  they  will  be  different. 

49.  A  case  of  great  practical  importance  is  that  of  a  simple 
Hertzian  oscillator,  which  will  now  be  discussed.     Taking  the 
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axis  of  z  in  the  direction  of  the  axis  of  the  oscillator,  the 
components  of  the  electric  force  can  be  written  in  the  form 


^  =  -.^-,r-.||,...(i.|)., 


I 


'bx'bz '   "  "*  "by'dz '  "     ""  \^a?  '  dy* 

where 

sin  fc  (r  —  Vt) 


S^ 


r  is  the  distance  of  the  point  x,  y,  z  from  the  centre  of  the 
oscillator,  2'ir/K  is  the  wave  length  of  the  oscillations,  V  is  the 
velocity  of  radiation  in  the  surrounding  medium,  and  ^  is  a 
constant  which  can  be  determined  as  follows.  In  the  immediate 
neighbourhood  of  the  oscillator  r  is  a  very  small  quantity, 
and  can  be  taken  so  small  that  it  is  negligible  in  comparison 
with  the  wave  length ;  the  components  of  the  electric  force 
very  close  to  the  oscillator  are  therefore 

92    1  32    1 

X  =  A  ^  ^  -  sin  KVt,     Y  =  A  ,r^r-  -  sin  kVI, 
oxoz  r  dyoz  r 


the  last  of  which  is  equivalent  to 

z;  =  ^  ;;—  .  -  sin  /C  Vt, 

oz^   r 

whence,  close  up  to  the  oscillator,  the  components  of  the 
electric  force  are  derivable  from  a  potential 

—  A^    .-.sm  KVt, 
oz   r 

and  therefore 

A  =  ELV\ 

where  E  is  an  electric  charge  and  Z  is  a  length,  everything 
being  supposed  expressed  in  electromagnetic  units.  The  com- 
ponents of  the  electrokinetic  momentum  are  given  by 

KVdxdz'  KVdydz'  KV\da?'^oyV    ' 


^ 
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,  ^     COS  Kir—  Vt) 

where  G  = ^ ; 

r 

and  hence,  using  the  relations 

dy       dz  '  dz       dx  '  dx      dy' 


it  follows  that 


^^         KVdyXdx^'^dy^'^dz'']    ' 
'^         KVdx\dx''^dy''^dz']     ' 


that  is. 


or 


7=      0, 

The  rate  at  which  energy  flows  into  any  closed  space  across  its 
bounding  surface  >S^'  is 

^  1^  H\.F{my  -n^)  +  G  (na  -  ly)  •\- H  (W  -  ma)]  dS' 

which  in  this  case  is 

^IJ[F(my  -  71$)  -  F(my  -  n^)  -\-G(na-  ly)  -G(na-  ly) 

+  H(l$-md)-H(W-  ma)]  dS' . 

Now,  there  being  only  one  period  of  oscillation,  and  no  free 

non-oscillating   charge   present,  it   follows   by  §  47,  that   the 

above  expression  is  the  same  for  all  surfaces,  which  enclose  the 

oscillator.     Taking  as  the  surface  any  sphere  of  radius  r  with 

its  centre  at  the  oscillator,  the  direction  of  the  normal  at  any 

point  is  given  by  ] 

,     X  y  z 

l  =  - ,      m  =  -  ,      n~  -  , 
r  r  r 
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and  therefore 

T,,    ■       6.     E./  ON     A'KVzd'GdS     zd'SdCl 
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nr    .      ,.^      /./  ;^      A'KVzd'CdS      z  S'S  dC] 

G(na-h)-6{n^-  ly)  =  -jr  ["g^g^g^  -  ^g-g^  g^J  . 

Hence  the  rate  at  which  energy  flows  into  the  space  inside  the 
sphere  is 

.d!i./'rri— -?^4-^—    ^+2/7^'     an    |a>sf 

Stt  r  j j  LI  r2  dxdz      r^  dydz         r^      \dx''     dyV      ]  dr 

_(z^d^8    zyd^s    x'^+f(d^     a^\  oiaai 
\  r»  aa^a^    r=^  a^a^  "^    r=^    w    ayv    j  ar J     ' 


which  is  equivalent  to 


a      ^2^2 


STrVJJ  l\[r*  '^  r*  '^        ^  '  J  d?      [  r" 


'z^a?'  ^  z'^y''  ^x'^-\-y 
that  is.  to 


_  /^?!?  j_  fl^'  +  ^'+3/'  /^'  +  y'  __  2\\  as'i  ac" 

V  r*        r°  r'^      \     7^  r//  dr)  dr 


SttF 


v// 


'^2+^  a^aa^  _  (^^rf  a^  ao" 

r"      dr"  dr  r"      dr^  dr 


dS, 


or  to 
SttF 


jjU,..aA4a)[.o-l.) 


-I_,.s-?^c+?s)(.s+le 


which  is 


ar^+3/2 


cZ^, 


^V  [fx'-^-y^ 


II 


dS 


SttVJJ       r* 

Ay 
W ' 

Therefore  the  energy  is  radiated  out  from  the  oscillator  at  a 


or 
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steady  rate  oi  amount      -^  ,  that  is  oi  amount  ^.5—^ m 

electromagnetic  units,  where  \  is  the  wave  length  of  the 
oscillations,  and  E  is  the  maximum  charge  at  an  end  of  the 
oscillator.     The  rate  of  radiation  in  electrostatic  units  is 

3\* 

where  EL  is  the  maximum  electric  moment  of  the  oscillator  in 
electrostatic  units.     The  amount  radiated  out  in  a  half  period 

is    ~-^rz —  in  electrostatic  units,  which  is  the  result  given  by 

Hertz 


1 


* 


50.  The  rate  of  decay, of  the  oscillations,  sent  out  by  an 
oscillator,  can  be  obtained  very  approximately  from  the  above 
result.  Taking  the  case  of  Hertz'  oscillator,  which  consists  of 
two  equal  conducting  spheres  of  radius  R,  the  distance  between 
their  centres  being  /,  the  amount  of  electric  energy  in  the 
oscillator  is  E^/Rf,  approximately,  where  E  is  the  maximum 
charge  on  either  sphere,  and  when  the  supply  of  energy  is 
stopped  this  amount  remains  to   be  radiated  outwards.     The 

rate  01  radiation  or  energy  is — — per  unit  time,  where  X 

oA, 

is  the  wave  length  of  the  oscillations,  and  therefore 

dt  ~  3X* 

approximately,  when  the  supply  of  energy  has  been  stopped, 
the  rate  having  been  calculated  on  the  assumption  that  the 
amount  of  energy  necessary  to  maintain  a  steady  radiation  is 
being  supplied.     Therefore 

W, 


dt  ~           3V 

that  is 

F=6-*^Tfo, 

where 

k  =  167rH'RVlSX\ 

*  Elextric  Waves,  English  Trans,  p.  150. 
t  Hertz,  Electnc  Waves,  loc.  cit. 
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and    the   time    which    elapses,   before   the   amplitude    of    the 
oscillations   falls   to    l/e   of  its   initial   value,  is   2/k,  that   is 

For  similar  oscillators,  it  follows  that  the  time  which 
elapses  is  the  same  number  of  oscillations,  so  that,  for 
oscillators  giving  oscillations  of  short  wave  length,  the  decay 
is  more  rapid  than  for  similar  oscillators  giving  oscillations  of 
greater  wave  length,  a  result  observed  by  Hertz.  The  oscillator, 
used  by  Hertz  in  most  of  his  experiments,  was  approximately 
in  tune  with  a  resonator  whose  fundamental  wave  length  was 
560  cm. ;  the  wave  length  of  the  oscillations,  sent  out  by  the 
oscillator,  was  somewhat  shorter,  as  in  order  to  make  the  resonator 
have  the  same  wave  length  small  pieces  of  metal  had  to  be 
soldered  to  the  ends  of  the  resonator,  the  effect  of  which,  as  will 
appear  later,  is  to  diminish  the  wave  length  of  the  resonator. 
The  radius  of  either  sphere  of  the  oscillator  was  15  cm.,  and  the 
distance  apart  of  their  centres  100  cm.,  so  that  the  time  which 
elapses  before  the  amplitude  of  the  oscillations  falls  to  l/e  of  its 

initial  value  is  somewhat  less  than  ,77— — — — - — -^   jz.,  which 

167r*  X  100^  X  1.3    V 

is  4*4  T,  where  T  is  the  time  of  a  complete  oscilli^tion.     The 

result  obtained  by  Bjerknes*  experimentally  for  a  somewhat 

similar  oscillator  is  3*8  T. 

51.  For  some  purposes  it  is  important  to  know  the  density 
of  electric  energy  at  any  point  due  to  an  oscillator.  The 
density  per  unit  volume  of  the  energy  is 

i  {Ff+  Gg  +  Hh  +  Xf+  Yg  +  Zh), 

which,  on  substituting  the  values  of  F,  G,  H  etc.  given  above 
§  49,  becomes 

SttF^  7^         \drrdrj       \rdr  r      dr'rdrj 

{x^  +  y^)z^  fd  18/Sfy      /2dS     c^^rfd    IdSV 
r^         \drrdr)       \r  dr  r     dr'rdrj 

*  Annalen  der  Physik  und  Chemie,  Bd.  44,  1891. 
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n 


^r^[(^'-^f) 


SttV 


\\r  ar2      r^  dr)       [r  dr""      r^  dr) 


^2  g^.  y^  g^2      ^2  gy,y 

say    4  /a^yi 

a^j  '^  rAdr)  }' 


^2g^  Vr  Br^     r^  dr 


)} 


4  /aay    4  /a>sf' 


or 


|_    r^      (Vor^      r  or  I       \or^ 


rdr)       r^\drj       r'^Xdr) 


4  /8C\2  .  4  /8^Y 


9r/ 


+ 


which  is 


©■ 


SttF'^ 


now 


_  i  /^V  _  i  (^?^Yl  +  i^i  ?^V    ^  /'?:?Vl . 


dr         dr         /^ ' 

hence  the  density  per  unit  volume  at  the  point  x,  y,  z  is 
A" 


SttF^ 
which  is  equivalent  to 


^^2       j  ^2         ^        ^ej 


4/c^      4 


4^'      4" 


At  a  distance  r  from  the  origin,  great  compared  with  the 

wave  length,  the  density  is — - —  ,  that  is  — , 

and  for  any  number  of  the  same  oscillators,  orientated  indif- 
ferently, placed  at  the  origin,  the  density  at  a  distance  r  will 

be  B  — — ,  where  B  is  some  number. 
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62.  If  there  are  in  a  space  a  number  of  ions  describing 
orbits*,  the  wave  lengths  belonging  to  them  being  all  the  same, 
and  the  space  be  supposed  to  be  contracted  in  such  a  way,  that 
all  lengths  are  diminished  in  the  same  ratio,  the  orbits  in  the 
contracted  space  will  have  their  linear  dimensions  diminished 
in  this  ratio,  and  the  wave  lengths  will  also  be  diminished  in 
the  same  ratio.  Hence,  denoting  the  density  of  the  energy  at 
any  point  in  the  original  space  by  (7/\*,  the  density  in  the  new 
space  at  the  corresponding  point  will  be  (7/V*,  where  X'  is  the 
wave  length  appropriate  to  the  new  space.  Now  unit  volume 
in  the  original  space  becomes  a  volume  X'^/X^  in  the  new  space, 
therefore  the  amount  of  work,  per  unit  volume  of  the  original 
space,  which  has  to  be  done,  to  pass  from  the  original  state  to 
the  new  state,  is  C/X'X'^  —  C/X*,  and  therefore,  if  T  and  T  are 
the  temperatures  corresponding  to  the  original  and  new  states 

respectively, 

T-T ^/  C       C\/G 

T       Wx^    \v/x*' 

whence  XT  is  constant,  and  the  density  of  the  energy  is 
proportional  to  T\  which  results  have  been  previously  ob- 
tained-f.  Further,  if  energy  is  being  radiated  away  from  the 
distribution  of  ions,  the  rate  of  this  radiation  is  (§  49)  pro- 
portional to  X-"  and  therefore  to  T*. 

53.  The  condition  that  a  group  of  ions  should  be  perma- 
nent, that  is  that  no  energy  is  radiated  away  from  the  group, 
can  be  obtained  as  follows.  The  components  of  the  magnetic 
force  due  to  the  revolving  ions  are  given  by| 


a  = 

''dydt 

'dzdt 

r 
r 

d'    yev 
dzdt  ^  r  ' 

d^    v< 
dxdt      r  ' 

7  = 

d' 

dxdt 

r 

dydt  ^  r  ' 

*  An  ion  describing  an  orbit  can  be 
(Appendix  C). 

t  Wien,  Berlin.  Sitzungsberichte,  1893 
1900. 

X  Appendix  C. 

replaced  by  a  number  of  oscillators 
;  Larmor,  Aether  and  Matter,  p.  137, 
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where  f,  r),  ^  are  the  displacements  of  an  ion  at  the  time 
t  —  y^,  these  displacements  being  supposed  small,  and  the  sum- 
mation being  extended  to  all  the  ions  of  the  group.  Now  the 
condition,  that  there  should  be  no  radiation  of  energy  away 
from  the  group,  is  that  the  integral 

^  |//  {F  {mry  -n^)+G(na-ly)^H  (10  -  ma)}  dS 

+  ^  //  {Z  (my  -n^)+Y  (na  -ly)  +  Z  (W  -  ma)]  dS, 

taken  over  the  surface  of  a  sphere  at  a  great  distance  from  the 
group,  should  vanish ;  the  condition  will  be  satisfied  if  the 
terms  in  a,  ^,  7,  d,  /3,  7,  involving  the  inverse  power  of  the 
distance,  vanish,  and  this  requires 

2ef  =  0,     167)  =  0,     te^==0, 

where  f,  fj,  \  are  the  maximum  displacements  of  an  ion  in  the 
directions  of  the  axes  of  reference. 

54.  The  force,  which  one  permanent  group  exerts  on 
another,  can  be  obtained  from  the  preceding  results.  Taking 
first  the  case  where  there  is  no  free  electricity,  the  condition 
Xe  =  0  will  be  satisfied  for  each  group  in  addition  to  the 
conditions  given  above.  The  conditions  2ef  =  Se^  =  2ef  =  0 
being  satisfied,  the  lowest  power  of  1/r,  which  can  occur  in  the 
components  of  the  magnetic  force  due  to  a  permanent  group  at 
a  distance  r  from  it,  is  1/r^,  and,  the  condition  Se  =  0  being 
also  satisfied  for  the  group,  the  lowest  power  of  1/r  which 
can  occur  in  the  components  of  the  electric  force  due  to  it  is 
1/r^.  The  components  of  the  force,  exerted  by  this  group  on 
any  other  group,  are 

IXe  +  teiiy -  2e?/3,     tYe-\-  te^a  -  Xe^y,     XZe  +  SefyS  -  Xeya, 

where  X,  Y,  Z,  ol,  yS,  7  are  the  components  of  the  electric  and 
magnetic  forces  due  to  the  first  group,  and  the  summation 
extends  to  all  the  ions  of  the  second  group.  If  the  second 
group  is  permanent  and  there  is  no  free  electricity  belonging 
to  it,  the  lowest  power  of  1/?-,  which  can  occur  in  the  above 
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expressions  for  the  components  of  the  force,  is  1/r*  and  the 
order  of  magnitude  of  tliis  part  of  the  force  is  eH^jr*,  where  I  is 
the  diameter  of  an  orbit,  so  that  only  the  gi'oups,  which  are  in 
the  near  neighbourhood  of  any  given  group,  exert  a  sensible 
force  on  it.  When  there  is  free  electricity  belonging  to  one  of 
the  two  groups,  the  lowest  power  of  1/r,  which  can  occur  in  the 
expressions  for  the  components  of  the  force,  is  1/r*,  and  the 
order  of  magnitude  of  this  part  is  eHir*.  When  there  is  free 
electricity  belonging  to  both  groups,  the  lowest  power  of  1/r, 
which  can  occur  in  the  expressions  for  the  force  between  them,  is 
1/r*,  the  order  of  magnitude  of  this  part  is  e^/r*  and  its  direction 
is  that  of  the  line  joining  them. 

It  follows  from  the  preceding  that,  in  any  material  medium 
in  which  there  is  no  free  electricity  present,  the  forces,  which 
the  groups  of  ions,  which  constitute  the  material  medium, 
exert  on  each  other  are  only  sensible  at  very  small  distances. 
When  there  is  free  electricity  present  in  the  material  medium, 
the  part  of  the  forces  between  the  groups  of  ions,  which  is 
sensible  at  a  finite  distance,  consists  of  forces  between  pairs  of 
groups  which  possess  free  electricity,  the  force  between  any 
pair  varying  inversely  as  the  square  of  their  distance  apart,  its 
direction  being  that  of  the  line  joining  them,  and  being  re- 
pulsive or  attractive  according  as  the  free  electricity  in  the  two 
groups  consists  of  an  excess  of  ions  of  the  same  or  opposite 
signs.  In  different  material  media  the  configurations  of  the 
groups  will  be  different,  and,  between  any  two  different  material 
media  in  contact,  there  will  be  a  transition  layer  in  which 
there  are  groups  belonging  to  both  kinds  of  matter.  The 
absolute  values  of  the  forces  between  groups  of  different  kinds 
will  be  different  from  that  between  groups  of  the  same  kind, 
and  to  this  is  to  be  ascribed  the  phenomena  of  capillarity  and 
other  phenomena  associated  with  the  contact  of  different  media. 
So  long  as  the  groups  are  permanent,  whether  there  is  free 
electricity  present  or  not,  there  is  no  radiation  of  energy  away 
from  the  system ;  this  only  takes  place  when  the  groups  are 
being  broken  up  to  form  new  groups,  and  the  intensity  of  this 
radiation  for  a  definite  wave  length  varies  inversely  as  the 

M.  E.  w.  6 
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fourth  power  of  the  wave  length,  as  has  been  established 
above. 

55.  The  results  of  the  previous  chapter,  as  to  the  perma- 
nence of  waves  associated  with  closed  circuits,  can  also  be 
established  from  considerations  relative  to  the  radiation  of 
energy  from  the  circuits.  Taking  the  case  of  waves  travelling 
along  an  infinitely  extended  straight  wire,  the  expressions  for 
the  components  of  the  electric  force  at  any  point  are  (§  43) 

Z  =  ^cos/c(F^±4      Y='^^-cosK(Vt±z),     ^=0, 

where  the  axis  of  z  is  along  the  wire,  27r//c  is  the  wave  length 
of  the  waves  under  consideration,  ^  is  a  constant  and  r^  =  x^  +  y^. 
The  values  of  the  components  of  the  electrokinetic  momentum 
are 

i^=-4r-.sin/€(F^  +  ^),     (?  =  -4r-^sin«(F^  +  ^),     ir=0, 


and  the  components  of  the  magnetic  force  are 


The  rate  of  radiation  of  energy,  across  the  surface  of  a  circular 
cylinder  having  the  wire  as  axis,  is 

^%ii\F{mri-n^)^G{na.-li)^E{l^-moi)'\dB 

OTT  dt 

+  }  //[-^  (^7 -n^)-\-Y {noi -ly)  +  Z (W  -  ma)]  dS, 
47r 

where  l  =  - ,     m  =  -,     n  =  0. 

r  r 

Now  7  =  0,     H=0,     Z=0, 

and  also 

my  —  n^  —  0,     na  —  ly  =  0,     my  —  n0  =  0,     nd  —  ly  =  0', 

therefore  the  above  expression  for  the  time  rate  of  radiation  of 
energy  across  the  surface  vanishes  and,  as  was  seen  before,  the 
waves  are  permanent. 


ain' K(Vt±z)-^^^^- cos' K(Vt±z)\, 
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The  density  of  the  distribution  of  the  energy  of  the  waves 
at  any  point  is 

i  (^/+  Gg  +  Hh  +  Xf+  Yg  +  Zh) 
per  unit  volume,  which  is  equivalent  to 

that  is  to  A^/STrV'^^r',  so  that  it  varies  inversely  as  the  square  of 
the  distance  of  the  point  from  the  wire. 

It  follows  immediately  that,  for  any  number  of  parallel 
wires  along  which  waves  are  travelling,  the  rate  of  radiation 
across  any  parallel  cylindrical  surface  vanishes. 

56.  Taking  now  the  case  of  waves  travelling  along  any 
circuit,  let  the  tubular  surface  generated  by  a  sphere  of  small 
radius  p,  whose  centre  moves  along  the  circuit,  be  considered. 
The  electric  force  at  a  point  on  this  surface,  due  to  the  waves 
in  the  circuit,  consists  of  a  part,  which  varies  as  l/p  and  whose 
direction  is  along  the  normal  to  the  surface,  together  with  a 
part,  which  involves  p  as  a  factor  since  it  must  vanish  with  p* ; 
the  same  is  true  of  the  electrokinetic  momentum.  The  magnetic 
force  consists  of  a  part,  varying  as  l/yo,  in  the  plane  through  the 
point  perpendicular  to  the  circuit  and  tangential  to  the  tubular 
surface,  the  remaining  part  not  being  infinite  when  p  vanishes. 
Through  two  adjacent  points  P  and  Q  of  the  circuit  let  planes 
perpendicular  to  PQ  be  drawn  determining  a  strip  on  the 
tubular  surface.  Choosing  PQ  as  axis  of  Z,  the  components  of 
the  electric  force,  at  a  point  on  the  strip,  are  given  by 


X 


y 


X^'^-A+pX,,     Y='-A^-pY,,    Z^pZ,, 
the  components  of  the  electrokinetic  momentum  by 

and  the  components  of  the  magnetic  force  by 

p  p' 

*  This  follows  from  the  expressions  for  the  electric  force,  §  44. 

6—2 
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where  X^,  Fj,  Z^,  F^,  Gi,  Hi,  a-i,  ^i,  y^  do  not  become  infinite 
when  p  vanishes.     Then 

F(my-n^)  +  G(noc-ly)  +  H{l^-ma) 

and 

X  {my  -  n^)  +Y{noL-  ly)  +  Z{1^-  ma) 

=  7,  {yX,  -xY,)  +  Z,  {xA  -  yoi,) ; 

hence  the  rate  of  radiation  of  energy  across  the  strip  is  p^^^ 
where  %  does  not  become  infinite  when  p  vanishes,  and  there- 
fore, for  the  whole  surface,  the  rate  of  radiation  of  energy  across 
it  is  p^i/r,  where  >/r  does  not  become  infinite  when  p  vanishes. 
Now  (§  47)  the  rate  of  radiation  of  energy  across  all  surfaces, 
which  enclose  all  the  sources  of  the  waves,  is  the  same,  and 
therefore  in  the  above  ^/r  vanishes,  as  otherwise  the  rate  of 
radiation  of  energy,  across  the  surface,  would  depend  on  its 
size ;  it  therefore  follows  that  the  rate  of  radiation  of  energy 
across  the  tubular  surface  vanishes,  and  the  waves  are  per- 
manent as  before. 


CHAPTER   IX. 

OPEN   CIRCUITS. 

57.  It  appears  from  the  investigation  of  Chapter  vii. 
that,  to  excite  the  waves  of  simple  character  discussed  in 
§  44,  some  means  must  be  found  of  enabling  closed  lines  of 
magnetic  force  to  thread  the  circuit.  This  can  only  be  effected 
by  cutting  the  circuit,  so  that  these  closed  lines  of  magnetic 
force  can  pass  over  the  open  ends.  It  thus  becomes  necessary 
to  investigate  the  effect  of  an  open  end  on  the  propagation  of 
waves  along  a  circuit,  and  only  those  waves,  for  which  the 
function  denoted  by  X  in  §  44  has  a  finite  value,  need  be 
discussed,  as  the  others,  in  the  case  of  a  very  thin  wire,  have 
been  shewn  to  be  comparatively  unimportant  and,  in  the  limit, 
they  have  no  existence.  The  waves,  in  the  case  of  an  open  end, 
must  be  maintained  by  some  external  means,  and  the  function 
X,  at  any  point  of  the  wire,  is  to  be  determined  by  the  condition 

that  -^  +  K^L  is  proportional  to  the  electric  force,  tangential 

to  the  wire,  due  to  the  external  disturbances,  and  L  vanishes 
at  the  open  end,  this  being  necessary  on  account  of  the  manner 
in  which  the  expression  for  the  tangential  electric  force  was 
derived  in  §  44.  When  the  function  L  has  been  determined, 
the  radiation  of  the  energy  of  the  waves  from  the  open  end, 
from  which  only  radiation  of  energy  takes  place  by  the  previous 
investigations,  can  be  obtained,  so  that,  conversely,  if  the  nature 
of  the  radiation  from  the  open  end  were  known,  the  function  L 
could  be  obtained  and  the  necessary  sources ;  further,  for  any 
circuit  having  a  given  open  end  from  which  radiation  is  taking 
place  in  a  given  manner,  the  function  L  will  be  the  same  at  the 
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same  distance  along  the  circuit  from  the  open  end,  provided 
that  the  curvature  of  the  circuit  is  everywhere  continuous. 
The  same  result  will  hold  for  a  very  thin  wire,  provided  that 
the  radius  of  its  cross-section  is  everywhere  small  compared 
with  the  wave  length  and  with  the  radius  of  curvature  of  the 
wire.  It  is  therefore  sufficient,  when  the  circumstances  of  the 
radiation  from  the  open  end  are  known,  to  investigate  the  case 
where  the  circuit  is  a  semi-infinite  straight  line.  To  solve  the 
problem  of  radiation  from  a  semi-infinite  straight  line,  it  is 
convenient  to  solve  the  problem  for  the  case  of  a  right  circular 
cone,  and  deduce  that  of  the  semi-infinite  straight  line  as  the 
limit,  when  the  vertical  angle  of  the  cone  becomes  indefinitely 
small. 

58.  The  space  to  be  considered  is  that  outside  the  right 
circular  cone  which  is  determined  by  6  =  6o>  where  6  is  the 
angle  made  by  a  vector  drawn  from  the  vertex  of  the  cone 
with  a  fixed  direction,  and  the  space  occupied  by  the  cone  is 
that  for  which  6  lies  between  d^  and  tt;  then,  choosing  polar 
coordinates  of  which  6  is  one,  and  remembering  that,  in  view  of 
the  preceding,  the  case  required  is  that  in  which  the  lines  of 
magnetic  force  are  circles  having  their  centres  on  the  axis 
of  the  cone,  the  equations  in  the  notation  of  §  36  are 

47rv  = -. — jz  TT-  (yr  sin  6), 


4f7rw  =  0, 
dt      r  \_i 


l(Yr)-  — 


the  medium  being  assumed  to  be  non-magnetic.     Hence,  using 
the  relations 

(Z,  F,Z)  =  47rFH/^», 
(u,v,w)  =  {f,g,hl 
the   magnetic  force  7  satisfies  the  equation 

1  a  f  1   a  .     •  ,3x]     1  a  f  1    a  /     •  ^^l     i  av 
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which,  writing  cos  ^  =  /x.  and  7r  sin  O^"^,  is  equivalent  to 

Therefore,  for  oscillations  of  definite  wave  length  27r//c,  the 
equation  satisfied  by  -^/r  is 

'^*K^%-'-*-'' « 

at  all  points  at  which  the  relations 

{u,  V,  w)  =  (/,  g,  h) 

are  satisfied,  that  is  at  all  points  at  which  there  are  no  sources. 
For  the  case  under  consideration  the  sources  are  distributed 
symmetrically  with  respect  to  the  axis,  and  the  discontinuities 
of  the  electric  force  are  therefore  symmetrically  distributed 
with  respect  to  the  axis,  but,  instead  of  supposing  the  sources 
represented  by  discontinuities  of  the  electric  force,  it  is  more 
convenient  in  this  case  to  suppose  them  represented  by  dis- 
continuities of  the  magnetic  force  as  in  §  14.  The  equation  to 
be  satisfied  by  the  magnetic  force  at  all  points  of  a  circle,  whose 
centre  is  on  the  axis  of  the  cone,  and  along  which  sources  of 
this  type  of  equal  strength  are  uniformly  distributed,  is 

^  +  '-^'5  +  «"^  +  2..sin^  =  0 (2). 

where  o)  is  a  constant.  The  surface  of  the  cone  being  taken  to 
be  perfectly  conducting,  the  condition  to  be  satisfied  at  its 
surface  is  that  the  tangential  components  of  the  electric  force 
vanish,  and  this  requires  that 


when  d  =  6o. 


It'" «>. 


59.     The  solution  of  equation  (2)  is  given  by 
where  Pn  is  the  zonal  harmonic  of  /i  of  order  n,  and  where  the 
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summation  has  to  be  taken  so  as  to  include  all  the  functions  of 
fjL  whose  inclusion  is  consistent  with  the  condition  that  ^r- 
vanishes,  when  6  =  6q.     Now 

and  therefore  the  functions  P„,  which  can  occur,  are  those 
which  vanish  when  //.=  /xq,  that  is,  those  for  which  n  is  a  zero 
of  Pn  (/-to),  where  ^^  =  cos  ^o-     Hence 

where  the  summation  extends  to  all  the  values  of  n  which  are 
zeros  of  Pni/J-o)',  these  values  are  all  real.  The  functions  Rn 
are  then  to  be  determined  from  the  relation 

+  K'Bn  (l-M^')  ^l  +  2o>r  sin  6  =  0, 


which  is  equivalent  to 
Now 


jS„1  (1  -  /x.')  ^p^  +  2<Br  sin  0=  0. .  .(4). 


and  therefore,  writing 


2/=(i-/^^)g^,    y'  =  (^->^')'-^: 


{n'(n'+l)-n(n  +  l)]f  (l_^^)?g^^d^ 
that  is 

(»'-„)(»'.».i)/>-.,f«f'..=|,'|-.| 
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Hence,  writing  for  y  and  y'  their  values  and  reducing, 

where,  on  the  right-hand  side,  /^o  is  to  be  written  for  fi  after 
the  operations  have  been  performed.  From  this  it  follows  that, 
if  n  and  n  are  two  positive  values  of  n  for  which  Pn{^ 
vanishes,  it  being  remembered  that  only  positive  values  need 
be  considered  as 

the  integral 


vanishes.     To  obtain  the  value  of  this  integral  when  n  and  n 
are  the  same,  let 

n  =n-\-  Bn, 

then  the  relation  given  above  becomes 

=  -«(«+i)(i-M.^)^"f=s». 

and  therefore 

n  dPndPn_       n(n+l),^  ,.dPndPn 

where,  on  the  right-hand  side,  /Xq  is  to  be  written  for  fi  after 
the  operations  have  been  performed.     Multiplying  both  sides 

op 

of  the  equation  (4)  by  -^  dfjb  and  integrating  with  respect  to 
fi  from  /xo  to  1,  the  equation  to  determine  Rn  is 

=  2rl    a)sin^^"(iu (5). 
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It  is  sufficient  to  consider  the  case  where  the  sources  are 
distributed  uniformly  upon  the  circumference  of  the  circle 
determined  by  the  relations 

Oi  being  less  than  60 ;  any  other  case  can  be  obtained  from  this 
by  a  process  of  summation.  In  this  case  the  solution  of  equa- 
tion (5)  will  have  different  forms  according  as  r  is  greater  or  less 
than  ri.  It  being  remembered  that  the  right-hand  side  of  (5) 
vanishes  unless  r  =  ri,  the  solution  when  r  is  less  than  r^  is 
given  in  terms  of  Bessel's  functions  by 
Rn  =  AnriJn+^{fcr), 
as  Bn  cannot  be  infinite  at  the  vertex  of  the  cone,  that  is  when 
r  =  0 ;  also  when  r  is  greater  than  r^  the  solution  is  given  by 

as  at  an  infinite  distance  Mn  cannot  involve  a  term  in  which 
e^"^  occurs,  there  being  no  reflexion  there.  Now,  when  these 
expressions  are  substituted  in  the  expression  for  yjr,  two  series 
are  obtained  for  yjr,  one  of  which  is  applicable  when  r  is  less 
than  ri,  and  the  other  when  r  is  greater  than  ri,  these  series 
converging  for  all  vahies  of  r  and  6  which  occur,  except  when 
r  =  ri  and  6=0^  simultaneously.  Therefore,  when  r  =  ri,  the 
two  series  must  be  identical;   whence 

An  Jn+i  (fCr,)  =  Bn  [J-n-^  {kV,)  -  e<"+^>-  J"„+j  {kV,)], 

and  the  solution  of  (5)  may  be  written 

Rn  =  GnT^  Jn+l  (kt)  [J.n-i  (kT,)  -  e'^+i'-  Z^+j  (kV,)}, 

when  r<ri  (6), 

K  =  Oy  J-„+i  («rO  {J_n-i  (>cr)  -  ei"+i""  J^i  {icr)}, 
when  r  >  rj  (6'). 

60.  It  now  remains  to  determine  G^.  The  direct  deter- 
mination of  (7^,  though  possible,  involves  somewhat  complicated 
analysis,  which  can  be  evaded  by  the  observation  that  G^  is 
independent  of  the  wave  length,  that  is  of  k.  To  establish  this, 
it  is  sufficient  to  prove  it  for  a  particular  case,  which  can  be 
chosen  to  be  that  in  which  there  is  no  cone  and  only  the  circle 
of  sources  radiating  freely  into  space.     In  this  case  the  values 


« 
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of  n  which  occur  are  all  the  positive  integers.  It  can  be  easily 
shewn  that  equation  (2)  is  equivalent  to  the  equation 

(V»  +  /c»)'''T^4-2a,sin</>  =  0 (2'). 

^  ^  rsin^  ^  ^    ^ 

where  ^  is  the  third  polar  coordinate,  viz.  the  longitude.  The 
solution  of  equation  (2')  in  the  particular  case,  where  there  is 
no  cone,  is  given  by 

i^sin^       1    r/T/)— t"^ 

r  sin 


jin  <f>       1   /*/*/'e~"'^ 

miO  ^  27rjjj  ~W  ^^'' ^^^  ^'  ^^^  4>xdd,d<t>idri, 


where   the   integration  is  taken  so  as  to   include   all   places 
where  (o  has  a  value  different  from  zero,  and 

E^=r^-{-  ri^  —  2rri  {cos  6  cos  6^  +  sin  6  sin  6i  cos  (</>  -  <^i)}. 

Now,  writing 

cos  7  =  cos  6  cos  6 1  +  sin  6  sin  6^  cos  (0  —  <^i), 

the   integrand   is   expressed   as   a  series    involving    spherical 
harmonics  by  means  of  the  relations* 

g-tKR       2e*     *    — 

-^  =  ^^j^^  2  e  M^  +  i)  -^n+i  (t'/cri)  Jn+i  (/cr)  P„  (cos  7), 

when  r  <  r*!  and 

trt 

~R~ "  \/(^)  f  ^  ^  (^ + i)  •^«+i  (*'^^)  *^«+*  ('^i)  -^«  (^°^  'y)» 

when  7'  >  ri ;  whence 

±1}^  ^  ^  f  [f^n^^  sin  e,  sin  rf>,  dd,d(t>,dr,  -)—.  5  e^'  (n  +  4) 

•  ^n+J  (t>^n)  ^n+i  {l^r)  Pn  (cOS  7), 

when  r  <  Tj,  and  for  a  circle  of  sources,  writing 
q  =  (ori^  sin  d^ddidr^, 

,    .     .      Q'rsin^e*  «    T^/     ,  ix  Er      /       x 

•2ir 


.  J„+i  (/cr)       P„  (cos  7)  sin  <l>^d<l)i. 

J  0 


*  Heine,  Handbuch  der  Kugelfunctionen^  i.  p.  346 ;  Macdonald,  Proc.  Lond. 
Math.  Soc.  Vol.  xxxii.  1900. 
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Therefore,  since 

I     P„  (cos  7)  sin  6id6i  =  -. — -^rr  sm  ^  sm  ^1  -^  ^5-^  sm  (^, 
it  follows  that 
^  =  gr^rr^e^  S  e  2  -7^^,  sin^  6'  sin  O.-f^^f^ 

when  r<ri (7), 

and 

^     ^  0        7i(n  +  l).  d/jL  d/JLi 

when  r  >  n (7'). 

Remembering  that 


min. 
~1 


and  comparing  with  the  solutions  obtained  by  substituting  the 
expressions  (6)  and  (6')  for  Rn  in 

it  follows  that  (7„  is  independent  of  k,  that  is  of  the  wave 
length. 

61.     When  k  is  zero,  the  equation  (5)  becomes 
pE,     7i(n  +  l)      1n(n  +  l)  ..dPn^Pn 

=  2r      o)  sm  C^  -;r —  da, 
which,  putting 

and  writing 
becomes 

d^L^       1  aX^       (?l  +  ly  ^  2ri  [^  .     n^Pn-, 
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that  is,  making  the  substitution 


»f 


I 


It  is  convenient  to  solve  this  equation  for  the  range  of  f 
from  zero  to  fo  and  then  to  proceed  to  the  limit;  the  conditions, 
corresponding  to  those  to  be  satisfied  in  the  limiting  case,  are 

X„  =  0,  when  f  =  0  and  when  f  =  fo> 

hence  it  may  be  assumed  that 

mTrf 


Z„=S^mSin 

1  ?o 


where  m  is  an  integer.     Substituting  in  the  equation  for  Z„,  it 
becomes 

1  i  fo'        ^        -M  fo  ^      ^M,  9/^ 

and  therefore 

For  a  single  circle  of  sources,  writing 

q  =  (oa^e~^^  sin  O^dOid^i, 
the  circle  being  defined  by 

this  becomes 

I, 
^„  {-^  +  (n  +  i)=J  =  ^  s.n  ^.  g^  sm -^ , 

and  therefore 

^»»    ^  — Affc —  ^^^  ^1 5 —  •  — ri 

Co 
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Effecting  the  summation,  L^,  is  given  by 

cosh(n  +  |)(^o-g+f0-cosh(7i  +  i)(fo-f-f,) 
sinh  (n  +  i)  fo  ' 

when  I  >  f  1  and  by 

cosh(ii  +  i)(go-f,  +  ^)-cosh(n  +  ^)(go-^-?,) 
sinh  (71  + J)  fo  ' 

when  ?  <  fi-  Making  fo  infinite,  the  expression  for  Z„ 
becomes 

I. 

when  ?  >  fi,  and 

when  f  <  fi,  that  is  1 

when  r'<ri,  and 

when  r>ri.  In  the  case  required,  the  range  of  r  is  from 
0  to  00 ,  and  this  case  is  obtained  from  the  above  by  making  a 
infinite;  hence 


when  r  <  r,,  and 

''~(2n  +  l)N\rJ      """"'a/t,' 
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when  r>ri.     Now,  when  k  =  0,  equation  (6)  becomes 


2»+*  n  (n  +  i) •  2-«-*  n  (- n-  i)  ' 
when  7'  <  ri,  that  is,  since 

sin(7t  +  i)7r /r\^+* 
^'^-^'^    (n  +  i)7r-lrj       ' 
when  r  <  ri,  and  similarly  from  equation  (6') 

sin(n+i)7r  /rA'»+* 

whenr>ri;  therefore 

^"~        i\r   •sin(n4-iy^^'''^^8yLt/ 

62.  The  solution,  for  a  circle  of  sources  emitting  waves  of 
wave  length  27r//c,  the  circle  being  defined  by  r  =  r^,  6  =  6^  and 
being  situated  in  the  space  external  to  the  cone  defined  by 
0=  6o,  is  therefore  given  by 

.^^__^__^_sm  ^,  g^  (1 -M^^, 

when  r<ri (8), 

and  by 

^|r  =  ^qX  Q^ /«+j (^r,)  {/_,_j (^r)  - 6<-+i)-  J,^j (^r)} 

•i\rsin(7i  +  i)7r''''^^a/i,^^      ^>df,' 

when  r>ri (8'), 

where  the  time-factor  is  included  in  g,  N  is  written  for 

2n  +  l~^       ^'^  dn  dfMo  ' 

and  the  summation  is  extended  to  all  the  positive  values  of  n 
which  make  P^  (jio)  vanish. 
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In  the  particular  case  where  Oo  =  -^,  which  is  the  case  of  a 

circle  of  sources  in  the  space  bounded  by  an  infinite  conducting 
plane,  the  values  of  n   which  occur  are  all  the  positive  odd 

integers,  the  value  of  ^-^-^— ^  is  —1  and,  remembering  equations 

(7)  and  (7')  above,  the  expression  for  yfr  is  seen  to  be  the  sum  of 
the  yjr  due  to  the  circle  of  sources  and  the  yjr  due  to  the  image 
of  this  circle  of  sources  with  respect  to  the  plane,  a  result  which 
is  otherwise  immediately  obvious. 

63.  The  case  of  an  indefinitely  thin  semi-infinite  straight 
wire  can  be  obtained  from  the  above  by  taking  tt  — e  as  the 
value  of  6q,  where  e  is  very  small.  The  values  of  n  which 
occur  are  then  given  by 

n  =  k  -^  tiq 

2 

where  27io  log  -  =  1, 

and  k  may  be  any  positive  integer  or  zero.     Further,  since 


2 

P„  (-  fjb)  =  cos  nir  Pn  (fJ')  -  -  sin  wtt  Qn  (jjl), 

TT 


it  follows  that 

;r^ — —  =  cos  mr  — ^r^^^ sin  nir  -^^-^^^ ; 

ofi  ofju  IT  dfi 

that  is,  writing  fJLo  =  —  Mo'> 

?%W  =  _  cos  „.^W)  ^  2  3i„  „^  3^) 

Again* 

^      U(-n-\-r-l)U(n-{-r)     (l-fiY  . 

7n(n)n(-7?.-i)n(r)n(r)V  2  y^'' 

r    I 

where  ^^  =  2  -  , 

1  m 

*  Macdonald,  Proc.  Lond.  Math.  Soc.  Vol.  xxxi.  1899. 
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hence,  omitting  terms  of  the  first  order  of  small  quantities, 

and,  observing  that  (1  —  /Uo')/no  ultimately  vanishes, 

1(l-yuo')3-    =-8inn7r, 
9/Ao      Ti- 


the most  significant  term  only  being  retained. 

From  the  relation  between  Pnin)  ^.nd  the  harmonics  of 
—  /x,  it  follows  that 


'dij  -    ^  -  "^sinriTrPn  M  -  2  cos  mr  Qn  {ih') 

dPnM       2    .  3Qn(MoO 

+  cos  TiTT  — ^         sin  nir  -^ — -, 

dn  TT  on 

that  is,  since  Pn  (mo)  =  0, 

/dPn\  TT         r>    /      /x    ,  ^Pn(f^o) 

-5—  =  - Pn  if^Q )  +  COS  mr :^ — - 

\  on  /^=^^         sm  nir  ^  On 

2     .  dQni/JLo) 

sin  nir    \    ,      , 

TT  dflo 

which,  all  but  the  most  important  part  being  rejected,  becomes 

\  dn  ly,^^         sin  nir ' 

The  value  of  N^  omitting  small  terms,  therefore  is 

2k  (k  -^  1) 
2k+l     ' 

if  n  has  any  of  its  values  other  than  n^,  and  it  is— 2?io,  if 
w  is  Wo. 

When  fi  differs  from  /jlq  by  a  finite  quantity  and  n  has  any 
of  its  values  except  n^ 

neglecting  small  quantities,  and  when  n  =  no 

dPn,       a  ?       n  (no  4-  s)  cos  sir      /I  -  fiV 


d±\  ^  _5_  5       H(no  +  5)cosg7r      /l-M* 
d^       dfioU(no-s)U(s)U(s)[    2    y  * 


M.  E.  W. 
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that  is 

dfjL      2TV  2  ;    » 

neglecting  small  quantities  of  the  second  order,  hence,  to  this 
order, 

d/j.       1  +  /A ' 

For  the  case  of  an  indefinitely  thin  wire,  the  sources  of  the 
waves  not  being  very  close  to  the  wire,  that  is  0^  not  being 
nearly  equal  to  6^,  substituting  the  above  values  in  the 
equations  (8)  and  (8'),  yjr  is  given  by 


sin  (9i^*  (1-/^0 


k 
sin  (A;  +  i)  TT*  2A:  (A;  +  1) '  dfi,  ^'     '"  '  dfi  ' 

when  r<r^    (9), 

and  by 

^  =  ql  gj*  J,+j  {K.r,)  {/_,_j  {kt)  -  e(*+*) -  J,^^ {kv)] 

TT  2A;  +  1  aP,      _        dPjc 

•sin(A;  +  i)7r-2yt(A;+l)^'    "^^  dfx,^       ^^  dfju  ' 

when  r>ri   (9'), 

where  fi  is  not  nearly  equal  to  fx^.  It  thus  appears,  comparing 
this  with  equations  (7)  and  (7'),  that  the  effect  of  the  indefinitely 
thin  wire  at  points,  whose  distance  from  the  free  end  of  the 
wire  is  not  very  great  compared  with  r^,  and  for  which  fi  is  not 
nearly  equal  to  ybto,  is  negligible  in  comparison  with  the  effect 
of  the  source.  At  a  point,  whose  distance  from  the  free  end  is 
great  compared  with  ri  and  for  which  fi  is  not  nearly  equal  to 
fiQ,  the  expression  in  (9')  has  to  have  the  term  nQe~"^^f(fi) 
added  to  it,  which  represents  the  effect  of  the  free  end. 

64.     In  the  immediate  neighbourhood  of  the  wire  yu,  differs 
but  slightly  from  /ulq  and  then 

,  2\  ^^n        2  sin  UTT 
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that  is 

dP 

(l—fi*)  -r-^  =  2no  cos  kwf 

and  the  first  term  of  the  series  in  (8)  and  (8')  is  no  longer 
negligible  in  comparison  with  the  others.  The  value  of  the  first 
term  in  (8)  now  is 


q  [-J  Jh («^)  {J-\ ('^n)  -e'Ji, (/cr,)l 


TT 


sin  ^1  (1-/^2)^ 


•2r2o(l+/^)(l4-Mi) 
that  is 

2(7710   .  ^   sin  ^1 

^ —  sin  /fre~'*^« , 

Kn  1  +  Ml 

and  (8)  becomes 

when  r<ri,  with  a  similar  expression  for  >|r  when  r>r^,  giving 
the  value  of  -^  along  the  wire.  This  series  is  capable  of 
summation;  writing 

J?2  =  r2  4-  ri^  +  2rriC0S  6^, 

g—tK& 

the  expansion  theorem  for     p     becomes*,  remembering  that 
P,(-cos^0  =  (-)*A(cos(90, 

.P*  (cos  (90, 
when  r  <  ri,  whence 

"Tj-  =  ^i  i  ^h  ('^O  {*/■-*  ('^n)  -e^J^  (kv,)} 

*  p.  91. 

7—2 
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Therefore,  writing 

^     —  sin  /cr  —  r^ri*  ,;r—  (v  sin  d\ 

and  therefore 

1  g-tKij  ^  Ih  Q-LKVi  sin  /cr  -  r^r-^  y  sin  ^i  +  G, 

K  K  ^ 

where  C  is  independent  of  Ox-     Substituting  for  6^  the  value 
zero,  it  follows  that,  since  y^  is  not  infinite  when  Q^  vanishes, 

C  =  -  g-'^C^+n) e-'^n  sin  /cr, 

that  is 


it  follows  that 

SI 

Kvr^ 

now 
hence 

.-..9^ 

g-iKr, 

and  therefore 


C  =  -  e~"'^»  cos  KV ; 


1  ,       .  .      ^ 


rivi^  %  sin  ^i  =  -  e"'**^  (/^  sin  /tr  +  t  cos  kv) e''"^ . 

'  The  value  of  yjr  along  the  wire,  when  r<  Vi,  is  given  by 
2qno       ^    .  sin  6i      ^        fr\^ 

that  is,  substituting  for  ^j^  its  value  found  above, 

,      2a?2o  f      ^    .         sin  6^      e""'^' ,      .                       ,      Le-'"^ 
Y  —    —  i^      '  sin KV Y-, 1-  —n  i/^i sm kt  +  c cos  /cr) ; — ^^ 


1 


whence 


^      /eri  sm  ^1  ^  ^ 
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The  same  value  of  yjr  is  found  when  r  >  ri ,  and  therefore  all 
along  the  wire 

^  _  _?2^°/-  -  |g-«  (r+n)  —  g-«^/(r•+n«+2mco8*,)|  ^  ^  n  0). 
^      /cTi  sin  ^/ 

This  result  can  be  simply  interpreted  ;  the  term 

/tfrj  sin  6i 

represents  the  yjr  at  the  point  of  the  wire  at  a  distance  r  from 
its  end  due  to  the  source,  and  the  term 


2qno 


g—uc(r+rO 


KTi  sin  6i 

represents  the  effect  of  the  free  end  of  the  wire.  It  ought 
to  be  observed  that  the  electric  force  perpendicular  to  the 
wire,  being  given  by 

tfc '  rsind  dr  ' 

is  large  compared  with  yjr  and,  since  x  log  x  tends  to  zero  with 
X,  large  compared  with  the  electric  force  in  the  incident  waves. 

65.  Taking  now  the  case  where  the  sources  are  close  to 
the  wire,  that  is  where  6^  is  nearly  equal  to  tt,  the  first  term  of 
the  expressions  for  yjr  in  equations  (8)  and  (8')  is  of  the  same 
order  as  the  others  and  is  given  by 

— i-*— - e-i«»-i  sin  Kr(l  —  u), 
/cr^  sm  01  \       r-/ 

when  r  <7\.     The  remaining  part  of  the  series  is 

Se, !  ©'  *^*^*  ^"''^  '^-^-*  ^^""^^ "  ''*^'''*  *^*^*  ^^^^^ 

2A;-f  1  _       dP, 

when  r  <  r'l,  which  as  in  §  64  is  equivalent  to 

— ^_i^  le-'-'^^i  (a  sin  Kr-\-  L  cos  kv)  —  ie~'-'^^\, 
/crism^/  ^  ^  ^ 

where  R''  =  r'-\-r^+  trr^  cos  ^ ; 


102  OPEN   CIRCUITS  [IX 

and  therefore,  in  this  case,  yfr,  for  all  values  of  fju,  is  given  by 

2qnoi 


^^ 


fg— t»c(r+ri)  _  g— iKiJ( 


/crj  sin  Oi 
when  r  <  r^  and  likewise  when  r>rj^,  that  is 

KVi  sin  01  ^  ^' 

The  first  term  of  this  expression  represents  the  effect  of  the 
free  end  and  the  second  the  effect  of  the  source,  the  two  parts 
being  now  of  the  same  order  at  all  points. 


66.  The  preceding  analysis  can  be  easily  modified  so  as  to 
apply  to  the  case  where  there  is  a  sphere  at  the  end  of  the 
wire,  the  wire  passing  through  the  centre  of  the  sphere.  The 
radius  of  the  sphere  being  Vq,  the  condition  to  be  satisfied  by  yfr 
at  the  surface  of  the  sphere  is 

1^  =  0. 
dr 

when  r  =  ro.     Hence  the  equation,  which  corresponds  to  (8), 
is  now 


t=-32(g 


Jn+^  (kv)  -  Kn+i  (iKV) 


—  {roiJn+^  {kTo)} 


dn 


[ro^Kn+i(cKro)\ 


,[J_n-i(fcr,)-e^^+^^^^Jn+i(Kr,)] 


IT 


7Vr    •      / — TT-  Sm^i^-   (1-/^2)——, 

iVsm(ri  +  i)7r  o/Lti  8/i 


when  r<ri,  with  a  similar  expression  when  r>r^.     When  r^ 
is  small  compared  with  the  wave  length 


dn 


[ro^Kn+i{LKro)} 


is  of  the  order  (kVoY'^'^'^  when  n  has  any  of  its  values  which  is 
not  n„,  and  of  the  order  —  (Arro)^"^^  when  n  has  the  value  Uq,  so 

^0 
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that,  when  r^  is  sufficiently  small,  the  terms  due  to  the  presence 
of  the  sphere  are  negligible  in  comparison  with  the  others,  and 
therefore  the  effect  of  a  small  sphere  at  the  end  of  the  wire  is 
negligible.  The  terms,  which  are  due  to  the  presence  of  the 
sphere,  represent  reflexion  of  the  waves  by  the  sphere,  and,  in 
practice,  the  conditions  to  be  satisfied,  in  order  that  this  should 
be  negligible,  will  be  that  the  radius  of  the  sphere  should  be 
small  compared  with  the  wave  length  and  not  too  great 
compared  with  the  radius  of  the  cross  section  of  the  wire. 

67.  The  results  of  §§  64,  65  can  be  obtained  by  a  much 
simpler  process,  although  the  more  direct  analysis  given  above 
is  preferable  in  the  general  case  and  necessary  in  the  case  of 
the  investigation  of  §  QQ.  It  has  been  shewn  that  the  waves 
associated  with  a  closed  circuit  are  permanent,  and  that  there- 
fore, in  the  case  of  an  open  circuit,  radiation  takes  place  from 
the  free  end  only.  The  value,  at  any  point  on  the  straight 
wire,  of  >|r  is  therefore  made  up  of  two  parts,  one  due  to  the 
source  and  the  other  to  the  free  end,  and  these  two  together 
must  be  such  that  i^  vanishes  at  the  free  end.  Taking  the 
wire  as  axis  of  z,  the  value  of  -v/r  at  any  point,  if  there  were  no 
wire,  is  given,  §  60,  by 

2ir  y,— utiZ 


i/r  sin  (^  =  1^  j      ^-sin  <^arf0i. 


where  p  is  the  distance  of  the  point  from  the  wire,  the  circle  of 
sources  is  chosen  to  be  in  the  plane  z  =  0,  and 

R'^z^  +  p^^  pi'  -  2pp,  cos  ((f)  -  <t>,), 

where  p^  is  the  radius  of  the  circle  of  sources.     This  is  equi- 
valent to 

where 

R''  =  z^  +  p^  +  p^^  -  2pp,  cos  X- 

When  there  is  a  wire,  the  value  of  -sjt  along  it  is  found 
by  taking  p  in  the  above  expression  to  be  a  small  quantity. 
Writing 
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it  follows  that 


R.     '^ 


^       i^.(l-gcos,)' 


and 


that  is 

•2jr  ^,-Kcie 


and  therefore  the  value  of  '^,  in  the  absence  of  the  wire,  is 


(JPP^  ,-.<R. 


{""^i)' 


Hence,  if  Z^  denote  the  electric  force  along  the  wire  due  to  the 
sources, 

now,  5  44, 


i,  =  -21ogp.g^  +  «^i) 


where  po  is  the  radius  of  the  wire  and,  §  13, 

yjr'  being  the  value  of  yfr  along  the  wire  due  to  the  source  and 
the  wire ;  therefore 

the  complete  integral  of  which  is  given  by 

\!r'  =  A  e**^  +  Be-'"'' ^ —  e-""^^ . 

fcpAogpo 

When  the  wire  is  indefinitely  extended  and  there  are  no 
waves  along  it  other  than  those  due  to  the  sources,  the  value  of 
yjr'  is  given  by 

"Pi  Jog  Po  " 


1 
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When  the  wire  is  terminated  in  one  direction,  taking  the 
end  as  origin  and  measuring  along  the  wire,  the  value  of  yfr',  at 
a  point  at  a  distance  r  from  the  end,  will  be 

where,  as  above,  Ri  is  the  distance  of  the  point  on  the  wire 
from  any  point  on  the  circle  of  sources.  The  condition,  that  sir' 
should  vanish  at  the  free  end,  requires  that 

icpi  log  po ' 

where  r^  is  the  distance  of  the  free  end  from  any  point  on  the 
circle  of  sources,  and  therefore 


(r+r.)  _ /?-"t2?,1 


ICpi\ogpo 

which  is  the  same  result  as  that  obtained  §  64.  The  value  of 
•>^'  being  known  along  the  wire,  the  electric  force  at  any  point 
due  to  the  wire  can  be  obtained  by  the  results  of  §  44,  and  the 
total  electric  force  at  any  point  would  then  be  obtained  by 
adding  to  this  the  electric  force  due  to  the  sources.  The  effect 
of  any  disturbance,  symmetrical  with  respect  to  the  wire,  can 
be  immediately  deduced  from  the  above.  Let  q,  which  expresses 
the  disturbance  on  the  circle  defined  by  ri,  pi,  be  f{t),  some 
function  of  the  time,  which  is  known  when  the  disturbance 
is  given,  then  the  value  of  '^'  along  the  wire  due  to  this 
disturbance  at  time  t  is 


%logp. 


;/'|/(<-^)-/(.-^-)H'. 


CHAPTER  X. 

STATIONARY  WAVES   IN   OPEN  CIRCUITS. 

68.  In  the  preceding  chapter  the  waves  produced  in  an 
open  circuit  by  a  given  distribution  of  sources  were  considered, 
the  case  which  arises  in  practice  is  that  in  which  stationary 
waves  are  being  maintained  in  such  a  circuit  or,  having  been 
set  up  in  it,  are  radiating  away  from  free  ends ;  the  circumstances 
of  this  case  will  be  considered  in  this  chapter. 

When  the  nature  of  the  radiation  from  a  free  end  is  known, 
the  value  of  -v/r  along  the  circuit  can  be  obtained  from  the  results 
of  the  previous  chapter,  and  hence  the  position  of  the  nodes  and 
the  loops  all  along  the  circuit.  It  has  been  shewn,  §  64,  that 
the  value  of  i/r  at  a  point  on  a  straight  wire,  due  to  a  circle  of 
sources  at  r  =  ri,  6  =  6^,  is  given  by 

_     2qnQi, 


/cri  sin  6^ 


(g-iK(r+n)  _  g-tKV(r2+r,2+2rr,cosfli)] 


When  the  circle  of  sources  is  at  an  indefinitely  great 
distance  from  the  free  end  of  the  wire,  that  is,  when  the 
incident  waves  are  symmetrical  with  respect  to  the  wire,  and 
make  an  angle  ir  —  6^  with  it,  the  above  expression  takes  the 
form 

At 
^      sin  ^1  ^ 

If,  through  the  free  end  of  the  wire,  a  plane  be  drawn 
perpendicular  to  the  wire,  and  this  plane  be  supposed  to  be 
perfectly  conducting,  the  value  of  yjr  along  the  wire  is  now 
obtained  by  adding,  to  the  above  expression,  the  corresponding 


I 
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one  due  to  the  image  of  the  circle  of  sources  in  the  plane,  and 
is  therefore  given  by 

•sir  =  -; — TT  (cos  KV  —  cos  (kv  cos  ^i)t. 
^      sm  ^j  ^  ^  ^ 

This  result  also  follows  from  the  expressions  (8)  and  (8'), 
§  62,  it  being  remembered  that,  when  //.  is  approximately  zero, 
-Pn  (/^)  vanishes  for  the  values  of  n  which  are  given  by 

w  =  no  +  2A:  +  1, 

where  k  is  an  integer,  and,  the  wire  being  very  thin,  n^  is  very 
small. 

If,  on  the  system  of  waves  diverging  from  the  circle  of 
sources,  there  be  superposed  a  system  of  waves,  of  the  same 
period  and  amplitude,  converging  to  the  circle,  there  results 
a  system  of  stationary  waves,  and  in  this  case  the  value  of  yjr 
along  the  wire  is  given  by 

yfr  =  -T— ^  Isin  /cr  —  sin  (kv  cos  Oi)\. 
^      sm  ^1  ^  ^  ^' 

From  this  it  follows  that,  in  the  case  of  stationary  waves 
along  the  straight  wire,  the  part  of  yjr,  which  corresponds  to 
radiation  from  the  free  end  in  the  direction  making  an  angle 
TT  -  6i  with  the  wire,  is  given  by 

yjr  =  - — --  (sin  K7'  —  sin  (fcr  cos  0-,)], 
^      sm  6i  ^  ^  ^ 

the  system  of  sources,  necessary  to  maintain  the  waves  along 
the  wire  stationary,  being  taken  into  account.  It  appears  from 
§  57  that,  at  the  same  distance  from  a  free  end,  measured  along 
the  circuit,  L,  in  the  case  of  stationary  waves  in  the  circuit, 
is  the  same  for  any  circuit,  whose  curvature  is  everywhere 
continuous,  as  for  a  straight  circuit,  if  the  circumstances  of  the 
radiation  from  the  free  end  are  the  same  in  the  two  cases. 
Hence,  in  the  case  of  any  open  circuit,  the  part  of  L,  at  any 
point  on  the  circuit,  which  corresponds  to  radiation  from  the 
free  end  in  a  direction  making  an  angle  tt  —  6i  with  the  tangent 
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to  the  circuit  at  the  free  end,  this  tangent  being  drawn  in  the 
direction  of  the  circuit,  is  given  by 

L  =  - — 7p  fsin  KS  —  sin  (ks  cos  ^i)1, 
sin^i  ^  ^  ^^ 

where  5  is  the  distance  of  the  point  from  the  free  end  measured 
along  the  circuit,  and  B  includes  the  time  factor.  Considering 
the  surface,  which  is  formed  by  supposing  a  small  sphere  to 
move  with  its  centre  on  the  circuit  and  to  come  to  rest  when 
the  centre  has  reached  the  free  end,  there  is  no  radiation  across 
the  tubular  part  of  the  surface,  all  the  radiation  takes  place 
across  the  surface  of  that  hemisphere,  which  closes  the  tube 
and  does  not  intersect  the  circuit.  Therefore  the  radiation  from 
the  free  end  of  the  circuit  takes  place  in  the  directions  which 
make,  with  the  tangent  to  the  circuit  at  the  free  end,  this 
tangent  being  drawn  in  the  direction  of  the  circuit,  angles 
which  lie  between  7r/2  and  tt.  The  value  of  L  at  any  point 
of  the  circuit  is  therefore  given  by 


/ 


2 

{sin  KS  —  sin  {ks  cos  d-^)\f{d^)  dO^, 


where 

B=f(0,)smO,. 

When  there  are  no  sources  or  any  other  free  end  of  a 
circuit  near  to  the  free  end,  the  radiation  will  be  the  same 
in  all  directions,  and  therefore  the  distribution  of  magnetic 
discontinuities  will  be  uniform  over  the  surface  of  the  infinitely 
distant  hemisphere.  Now  B  is  proportional  to  q,  and  §  60,  q  is 
proportional  to  co  sin  0^  dO^ ;  hence,  in  this  case,  since  «  is 
constant,  /(^i)  is  constant,  and  therefore  L  is  given  by 

L  =  G  \    (sin  KS  —  sin  {ks  cos  ^i)}  dO^. 
Jo 

When  there  is  another  free  end  of  a  circuit  near  to  the  free 

end,  the  waves  from  the  two   free  ends  will,  if  of  the  same 

period,  interfere,  and  the  resultant  radiation  from  either  free 

end  will  depend  on  the  difference  of  phase  of  the  radiation  from 

the  two  free  ends  and  on  the  direction  of  the  circuit  or  circuits 

at  the  two  free  ends. 
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69.  In  the  case  of  a  resonator  the  directions  of  the  circuit 
at  its  two  free  ends  are  opposite,  and,  for  the  waves  observed 
by  means  of  the  sparks  which  pass  between  the  two  free  ends, 
the  radiations  are  in  opposite  phases ;  hence  the  circumstances 
of  the  radiation  are  the  same  as  those  of  the  radiation  from  a 
Hertzian  oscillator.  To  obtain  the  value  o(  f(6j)  for  this  case, 
it  is  necessary  to  find  the  distribution  of  magnetic  discontinuity 
which  is  equivalent  to  the  oscillator,  this  distribution  being 
over  the  surface  of  a  sphere,  whose  centre  is  at  the  oscillator. 
The  value  of  yjr  due  to  a  circle  of  sources  at  r  =  7\,  6  =  6^,  is, 
§  60,  given  by 

irt 

where  r>ri,  and  for  a  distribution  of  magnetic  discontinuity  on 
the  surface  of  the  sphere  r  =  r^  given  hy  q  =  g  (6i)  dfi^,  by 

iri 

^igi  00  «z:i  2n  4- 1 
^  =  ^  2  e  2  ^  ^^  ^^  J,+i  (/en)  K,^^  (cKr)  sin^  6 

For  a  Hertzian  oscillator  yfr  is  given  by 

^f-  Ae^  r^Ki  {lkt)  sin'^  6 ; 
hence  in  the  above 

giving  ^\r=^C'  — y-  Jj  (/cri)  K^  (i/cr)  sin*  6, 

and   therefore   the   equivalent   distribution   of    magnetic   dis- 
continuity over  the  surface  of  the  sphere  is  given  by 

q^-C'siri'e.dei, 
Hence,  for  the  waves  in  a  resonator,  which  are  observed  by 
means  of  the  sparks, 

B  =  Csme^dd^, 

where  C  only  involves  the  time,  and  therefore 

L=G  \    {sin KS  —  sin  (ks cos  6i)]  sin  Oiddi , 

J  0 
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1  —  COS  KS] 


that  is  L  =  C  i  sin  ks  — 

KS 


1 


70.  The  electric  force  perpendicular  to  the  circuit,  at  any 
point  on  it,  is  proportional  to  -^ ,  that  is,  to 

^  f                sin  fcs      1  —  cos  Ks\ 
kO  iCOS  KS 1 — } . 

(  KS  K^S^  ) 

The  points  at  which  there  are  nodes  are  the  points  at  which 
the  electric  force  vanishes,  that  is,  the  points  at  which 

sin  KS      1  —  cos  KS     ^ 
,o.>cs-^^+—^^=0 (1). 

Writing  ks  =  x,  the  equation  whose  roots  are  required  is 

sin  ^      1  —  cos  a?     _  ,,,, 

cos^ +  — -^ =0 (1'); 

and  this  equation  is  equivalent  to  the  pair 

^"^^=^+v(^-r) (^)' 

^"^"  =  .^-v(^--i) (^)- 

The  roots  of  (2)  and  (3)  occur  alternately,  the  least  root  of 
(2)  being  less  than  the  least  root  of  (3).  The  ?2th  root  of  (2)  in 
ascending  order  of  magnitude  can  be  shewn  to  be  given  by 

^«  =  2(7?,-l)7r  +  7r/2-f (4), 

where 

^  =  sin-  {/„  (0)1  + 1 1  (sin-/„  (?)]=  +  . . ., 

fn (f )  denoting  the  value  of  sl{x^  —  \)\{x^  +  slix^  —  1)},  when  for  x 
is  written  2  (?2  —  1)  tt  +  7r/2  —  f .  The  nth  root  of  (3)  in  ascending 
order  of  magnitude  is  given  by 

^,'=(4n-l)7r/2-r (5), 

where 

r  =  sin-  {/„'(0))  +  i  I  {sin-/„' (f)}^  +  .... 
/n'(f)  denoting  the  value  of  - ^|(a? -V)l{3? - ^l{(if  -\)\,  where 
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for  X  is  written  (4n  -  1 )  7r/2  -  f '.  The  roots  of  equations  (2) 
and  (8)  can,  with  the  exception  of  the  first  root  in  each  case,  be 
quickly  calculated  from  the  formulae  (4)  and  (5),  the  first  two 
terms  of  the  series  for  f  and  f '  giving  a  suflficient  approximation. 
To  obtain  the  values  of  x^  and  x^\  it  is  more  convenient  to  use 
the  equation  (1'),  the  formulae  (4)  and  (5)  being  used  in  these 
cases  to  indicate  the  neighbourhood  of  the  roots  required.  The 
formulae  (4)  and  (5)  shew  that  the  least  root  of  equation  (2)  is 
in  the  neighbourhood  of  7l7r/180,  and  that  the  least  root  of 
equation  (3)  is  in  the  neighbourhood  of  2537r/180.  Using  the 
tables  of  the  circular  functions,  and  writing 

sin  X     1  —  cos  X      ^ 

cos  X  —  • H =  X , 

X  x^ 

it  appears  that,  when  a7  =  7l^7r/180..  Z  = '0001 593..., and  when 
a;=7l^\7r/180,  Z  =  -  0000305...  ;  hence  the  least  root  of 
equation  (1')  lies  between  10677r/2700  and  14237r/3600.  Again, 
when  a;=253f7r/180,Z  =--0001473...,  and  when  a;=253U7r/180, 
X  —  '0001 127...;  hence  the  next  root  of  equation  ( 1' )  lies  between 
12687r/900  and  152l77r/10800.  The  third  root  of  equation  (1') 
is  approximately  16637r/675,  and  so  on. 

71.  For  any  resonator,  the  fundamental  wave  length  is 
that  for  which  there  is  only  one  node  on  the  resonator,  that 
node  being  at  the  point  which  is  equidistant  from  the  two 
ends,  the  distances  being  measured  along  the  circuit.  Hence 
if  I  is  the  length  of  the  resonator,  the  fundamental  wave  length 
Xo  satisfies  the  relation 

14237r      2^    l_      10677r 
3600   ^  \o  '  2  ^  2700  ' 

^,    ^  .  1423      I      1067 

*^^*^''  3600^X0^2-700' 

or  2-5328  >  y"  >  2-52928. 

Therefore  X©  =  2-53/,  the  difference  between  this  expression 
for  Xo  and  the  accurate  one  being  less  than  '04  per  cent.  The 
wave  length,  corresponding  to  the  first  overtone,  is  that  for 
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which  there  are  three  nodes  on  the  resonator;  denoting  this 
wave  length  by  Xj,  it  follows  from  the  above  that 

15217       l^      1268 
10806  ^  Xi  ^  ^00"  ' 

that  is,  -709779  >  ^'  >  '709732  ; 

and  therefore  Xj  =  -7097/.  Similarly  the  wave  length  Xj, 
corresponding  to  the  second  overtone,  is  given  by  Xo  =  '4059/, 
the  values  of  the  wave  lengths  corresponding  to  the  successive 
overtones  tending  to  the  values  given  by  X„  =  2Z/(2ri  + 1),  as  n 
increases.  The  relations  between  the  successive  wave  lengths 
are  X^  =  -280X0,  Xj  =  'IGOXo  =  -572X1,  etc. 

For  a  circular  resonator,  neglecting  the  gap,  I  =  ttD,  where 
I)  is  the  diameter  of  the  resonator,  and  the  fundamental  wave 
length  in  this  case  is,  by  the  above,  given  by  Xo  =  795Z),  this 
expression  differing  from  the  accurate  one  by  less  than  025 
per  cent. 

72.  It  has  been  shewn  experimentally  by  Sarasin  and 
de  la  Rive*  that,  when  electric  waves  are  being  propagated 
along  a  wire  with  a  free  end,  the  waves  detected  by  a  resonator 
are  those  which  have  the  same  period  as  the  oscillations  which 
belong  to  the  resonator.  The  resonators  used  by  them  were 
circular,  their  diameters  being  -75,  '50,  and  -85,  in  metres 
respectively,  and  the  observed  distances  between  the  first  and 
second  nodes  along  the  wire  from  the  free  end  were  2'95,  1*95 
and  1-43.  It  will  be  shewn  later,  §  76,  that  the  distance  between 
the  first  and  second  nodes  is  very  approximately  half  a  wave 
length,  so  that  the  observed  distances  are  approximately  half 
the  fundamental  wave  lengths  of  the  corresponding  resonators. 
The  values  of  the  half  wave  lengths  of  the  resonators,  as 
calculated  from  the  formula  Xo  =  7-95i),  are  2*98,  1*98  and  1-38 
respectively,  which  agree  well  with  the  observed  values. 

In  their  later  experiments •!•  the  wave  length  in  air  was 
observed  by  detecting  the  nodes  and  loops  in  the  stationary 

*  Comptes  Rendus,  ex.  1890. 
+  Comptes  Rendus,  cxii.  1891. 
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waves  due  to  reflexion  at  a  large  plane  reflector.  In  discussing 
these  experiments  the  distance  of  the  first  node  from  the 
reflector  will  be  taken  to  be  half  .the  wave  length,  it  being 
easier  to  observe  accurately  a  node  than  a  loop,  and  the  position 
of  the  first  node  being  less  affected  than  that  of  the  second  by 
the  finite  extent  of  the  reflector. 


Diameter  of  reso- 
nator circle 

1  metre 
stout  wire 

1  cm.  in 
diameter 

•76  m. 
stout 
wire 

•60  m. 
stout 
wire 

•36  m. 
stout 
wire 

-86  m. 
fine  wire 

2  mm. 
diameter 

•25  m. 
stout 
wire 

•26  m. 
fine 
wire 

•20  m. 
stout 
wire 

•20  m. 
fine 
wire 

•10  m, 
stout 
wire 

Dist.  of  first  node 

4  14 

3  01 

2-22* 

1-49 

1-51 

•94 

117 

•80 

•93 

•41 

J  observed  value 

2-07 

1-50 

1-11 

•74 

•75 

•47 

•58 

•40 

•46 

•20 

-calculated  value 

1-98 

1-49 

•99 

•69 

•69 

•49 

•49 

•39 

•39 

•19 

*  No  first  node  observed,  only  the  first  loop. 

In  the  above  table  the  calculated  values  of  the  quarter  wave 
lengths  have  been  obtained  from  the  formula  X  =  7'95D,  and 
it  will  be  seen  that  the  agreement  between  calculated  and 
observed  values  is  in  general  very  close.  These  experiments 
were  repeated  by  Sarasin  and  de  la  Rivef  under  more  favour- 
able conditions.  The  results  obtained  for  circular  resonators  of 
diameters  '75  m.  and  '50  m.  were  that  the  distance  between  a 
loop  and  a  node  in  the  two  cases  were  1"50  m.  and  I'OO  m. 
respectively.  These  observed  values  give  the  formula  X  =  8D 
for  the  wave  length,  the  difference  between  which  and  the 
formula  which  results  from  the  theory  being  about  '6  per  cent. 

73.  In  the  preceding  investigation  of  the  wave  lengths  of 
resonators,  it  has  been  assumed  that  the  effect  of  the  small 
spheres,  which  are  placed  at  the  ends  to  make  the  sparks  more 
definite,  is  negligible,  and  also  that  the  damping  of  the  oscil- 
lations in  the  resonator  is  negligible.  The  expression  for  yjr  in 
the  case  of  a  straight  wire,  with  a  sphere  of  radius  r^  at  the  free 
end,  under  the  influence  of  a  circle  of  magnetic  discontinuities, 

t  Comptes  RenduSy  cxv.  1892. 
M.  E.  W.  8 
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has  been  given.  §  66,  and  it  appears  from  it  that  the  difference, 
between  the  term  involving  n  in  this  case  and  the  term 
involving  n  in  the  case  when  there  is  no  sphere,  is  of  the  order 
(r'o/xy^'^S  when  n  has  any  of  its  values  other  than  Uq.  The 
most  effective  of  these  terms  is  that  for  which  w  =  7?o  +  l,  and 
in  this  case  the  ratio  of  the  part,  due  to  a  sphere  of  radius 
•01  m.,  to  the  whole  term  lies  between  10~^  and  10~^  for  oscil- 
lations whose  wave  length  is  2  m.  The  spheres  at  the  ends 
of  resonators  have  diameters  lying  between  1  cm.  and  2  cm.,  so 
that,  for  a  circular  resonator  of  '25  m.  diameter,  the  effect  of 
the  small  spheres,  as  far  as  any  term  in  the  series  for  -y^r,  and 
therefore  for  L,  other  than  the  first,  is  concerned,  is  negligible, 
and  the  same  result  will  hold  for  larger  resonators.  The  value 
of  i/r  for  the  straight  wire,  with  a  small  ■  sphere  of  radius  Tq 
at  the  free  end,  under  the  influence  of  a  circle  of  magnetic 
discontinuity  at  r  =  r^,  0=di,  is  therefore,  §  6Q,  given  by 

a 


^= 


Jno+i  (fcr)  -  Kn,+l  (iKV)  -^ 


dro 


[ro^JuMi^^o)} 


dvo 


[n^Kn,+^{Lfcro)} 


■  [^--i  (-')  -  ^'"•"'"  -^-^  (-»)1  iy„sin("+i)^ 


.sin..(l-,^)f-^A. 


-q^,    2    /n+i(«'-)(>^-n-4(«n)-«"'+*""^«+}(«n)l 


TT 


.  sin  (9i  (1  -  fjL^) 

As  in  §  64,  the  value  of  o/r  along  the  wire  is  given  by 


iVsin(7i+^)7r 

dPn  dPn 


dfjLi    d/JL 


^       /cr^  sin  ^1  ^ 


■f^i^n,+h(^fcr) 


dn 


[n^Kn^+^icfcro)] 


{J_,„_^(A.r,)-e<"o+^)-/.„+^(/cn)} 


TT 
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that  is,  by 

^  ^  _  2(/y      |.^_^  (^^^^)  {1  -  ,„  (1  -  fi,)]  -  e-Mc  V(r«+r.«+2rr.oo.#.)-|^ 
/CT*!  8in  Vi 

where 

When  kVq  is  small  compared  with  no,  z/  tends  to  zero,  and 
when  Ho  is  small  compared  with  kt^^,  v  tends  to  the  value 
—  te*'"*o cos kVq.  The  value  of  v  in  general  is  e  —  te,  where  the 
absolute  value  of  v  is  always  less  than  unity.  When  kTq  is  so 
small  compared  with  Uq,  that  (/cro/noY  can  be  neglected,  v  =  6, 
and  the  value  of  L  for  a  resonator  under  these  conditions  is 
given  by 

L  =  A  I   {sin  KS -{■  €  (1  —  fii)  cos  ks  —  sin  /c5/i^)  cZ/^i, 
that  is,  by 

r  A    (   '  .     ^  1— COS  KS) 

L  =  A  \sm  KS  +  -^  cos  KS y . 

(2  KS  ) 

The   nodes   are   therefore    determined    by   the    roots    of    the 

equation 

6   .  sin  KS     1— cos  KS     ^ 

cos  tcs-  ^  sm  KS  —  ■ 1 — —  =  0 (6). 

z  KS  /eV 

Denoting  by  x^  the  least  root  of  equation  (1'),  which  is 
what  (6)  becomes,  when  e  =  0,  the  least  root  of  equation  (6) 
is  approximately  Xq  —  'Ic.  Hence,  if  e  is  less  than  10~^  the 
fundamental  wave  length  of  the  resonator  is  increased  by  less 
than  1  per  cent.  In  general,  when  v  =  e  —  le,  the  value  of  L  for 
a  resonator  is  given  by 

L  =  A  I    [jl  —  e'  (1  —  /Xj))  sin  /c5  +  e  (1  —  yt^)  cos  ks  —  sin  KSfj^]  d^, 

J  0 

that  is,  by 

r       J   (A      A    •          .  €                 1  -  cos  Ks) 
L  =  A  •<(  1  —  -  1  sm  ACS  +  ^  cos  ks  —  >  . 

8—2 
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The   nodes   are    therefore   determined    by   the    roots    of    the 

equation 

e'\                €    .            sin  KS      1  —  cos  ks      „        ,^. 
1  -  -   cos  a:5  -  -  sin  ks H — —  =  0  . . .  (7). 

2J  Z  KS  K^S^ 

The  least  root  of  this  equation  is  less  than  the  least  root  of 
equation  (1),  and  therefore  the  fundamental  wave  length  of  the 
resonator  is  greater,  that  is,  the  effect  of  the  small  spheres  at 
the  ends  of  the  resonator  is  always  to  increase  the  fundamental 
wave  length.  In  their  second  series  of  experiments*  Sarasin  and 
de  la  Rive  used  resonators,  which  were  made  of  two  different 
kinds  of  wire,  one  being  stout  wire  of  diameter  1  cm.,  the  other 
fine  wire  of  diameter  2  mm.  The  radius  of  the  small  spheres 
being  about  1  cm.,  the  reflexion  of  the  waves  due  to  the  small 
spheres,  in  the  case  of  the  stout  wire,  will  be  small,  but,  in  the 
case  of  the  fine  wire,  appreciable.  It  might  therefore  be 
expected,  that  the  wave  lengths  of  a  resonator  made  from  the 
fine  wire,  would  be  greater  than  that  of  a  resonator  of  the  same 
size,  made  from  the  stout  wire,  more  especially  in  the  case  of 
the  resonators  of  less  diameter,  as  the  effect  also  depends  on  the 
ratio  Vq/X.  This  difference  is  well  marked  in  the  results  of  the 
experiments,  the  increase,  in  thejcase  of  the  resonator  of  '20  m. 
diameter,  being  rather  more  than  15  per  cent.  In  practice, 
this  cause  of  difference  could  be  got  rid  of  by  diminishing  the 
amount  of  reflexion  due  to  the  small  bodies  at  the  ends  of  the 
wire,  and  this  could  be  effected  by  using,  instead  of  spheres, 
pear-shaped  bodies,  the  wire  being  fitted  on  to  the  narrower 
ends  of  these  bodies. 

74.  In  some  experiments  the  ends  of  the  resonator  have 
been  fitted  with  small  plates,  instead  of  with  spheres,  and  it  is 
of  some  importance  to  find  out  w^hat  their  effect  would  be. 
Although  this  problem  cannot  be  solved  directly,  the  effect  can 
be  very  approximately  determined  by  means  of  the  preceding 
analysis.  Since  the  result  depends  on  the  amount  of  the 
reflexion  of  the  waves  by  the  plate,  it  is  clear  that  the  effect 
of  the  plate  is  the  same  as  that  of  a  small  sphere,  when  the 

*  Comptes  Rendusy  cxii.  1891. 
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wire  is  made  indefinitely  thin,  and  this  is  the  case  where,  in  the 
above  analysis,  v  =  —  le^'^ocos/cro,  kvq  being  very  small.  The 
function  L,  for  the  resonator,  is  therefore  given  by 

^       .  (/,       ,               V    .             1    •                                     1— cos/w) 
L  =  A  s(l  —  J  cos^  KV^)  sm  ks  4-  J  sm  kv^  cos  kVq cos  ks V, 

and  the  nodes  are  determined  by  the  roots  of  the  equation 

(1  —  J  cos"  kt^  cos  /«5  —  i  sin  kVq  cos  kVq  sin  ks 

sin  KS      1  —  cos  K8  _         ,Q. 

KS  K^S^  ~ 

If  the  wave  length  be  supposed  given,  the  least  root  of 
equation  (8)  is  very  small,  and  therefore  the  distance  of  the 
first  node  from  the  end  is  very  small.  In  the  case  of  a 
resonator,  oscillating  in  the  fundamental  mode,  the  distance  of 
the  first  node  from  the  end  is  half  the  length  of  the  resonator, 
and  the  fundamental  wave  length  is  therefore  very  great. 
Now,  in  a  resonator,  the  oscillations,  which  are  observed,  are 
those,  whose  wave  length  is  least  different  from  that  of  the 
oscillator,  as  the  intensity  of  the  oscillations  in  the  resonator 
depends,  approximately,  on  the  inverse  of  the  square  root  of  the 
difference  of  the  squares  of  the  reciprocals  of  the  wave  lengths 
of  the  oscillator  and  the  resonator.  Hence,  in  this  case,  the 
oscillations,  corresponding  to  the  fundamental  wave  length, 
would  not  be  observed.  To  determine  the  wave  length  corre- 
sponding to  the  first  overtone,  it  will  be  sufficient  to  discuss, 
instead  of  equation  (8),  the  equation 

-  sin  KS      1  —  cos  KS      _  ._,. 

i0O8KS--^+  ^3^,         =0 (8'). 

The  least  root  of  equation  (8')  is  given  by  ks  =  0,  which  has 
already  been  considered.     Writing 

.               sin  a;     1  —  cos  x      ^ 
^cos^--^+ ^—  =Z, 

it  appears  that,  when  x  =  234y^if  7r/180,  X  =  —  000014,  and  when 
x=^2S4:j^jj'7r/lSO,  Z= -000097,  hence  the  next  root  of  equation 
(8')  lies  between  234Jj7r/180  and  234yV7r/18^-  Taking  the 
second   of    these   two   values,   which   will   give   a   sufficiently 
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accurate  result,  the  wave  length  Aj,  corresponding  to  the  first 
overtone,  is  given  by 

I  ^2341 

Xi~1800' 

where  I  is  the  length  of  the  resonator,  that  is,  \^  =  '7689 L  The 
wave  length,  corresponding  to  the  first  overtone,  in  the  case 
where  the  effect  of  the  small  spheres  at  the  end  is  negligible, 
was  determined  above,  and  is  Xi  =  '7097^,  so  that  the  wave 
length,  corresponding  to  the  first  overtone,  when  plates,  instead 
of  spheres,  are  used  at  the  ends  of  the  resonator,  is  between 
7  and  8  per  cent,  greater.  The  oscillators,  which  have  been 
used  in  different  experiments,  appear  to  emit  waves  of  wave 
lengths  lying  between  5  m.  and  8  m.,  so  that,  when  a  circular 
resonator,  of  diameter  1  m.  or  less  is  used,  the  ends  being 
fitted  with  plates,  the  oscillations  observed  will  be  those  whose 
wave  length  is  Xi,  where  \  =  2*41  D. 

75.  Limits  for  the  rate  of  decay  of  the  oscillations  in  a 
resonator  can  be  found  as  follows.  The  resonator  being,  in 
respect  of  the  radiation  from  it,  equivalent  to  a  Hertzian 
oscillator,  the  rate  of  radiation  of  energy  from  it,  during  any 
period,  is,  §  49,  167r^^^^F/3X*,  where  g  is  the  effective  gap,  E  is 
the  maximum  charge  at  either  end  of  the  resonator  during 
the  period  under  consideration,  X  is  the  wave  length  of  the 
oscillations,  arid  V  is  the  velocity  of  radiation  in  the  surrounding 
medium.  Hence,  if  W  denotes  the  total  energy  in  the  resonator 
at  any  time, 

dt  ~  3X4 

Now,  at  any  instant  of  time,  W^E^/l,  where  I  is  a  length, 
which  lies  between  the  greatest  distance  between  any  two 
points  of  the  resonator  and  the  distance  between  the  effective 
free  ends  of  the  resonator ;  therefore 

dW__l67rYlV 
dt  ~  3X4       ^^ 

and  W=e-^'Wo, 


X]  STATIONARY  WAVES   IN   OPEN   CIRCUITS  119 

where  k==  IQir^gHV/'SX*.  Hence  the  time,  which  elapses  before 
the  amplitude  of  the  oscillations  falls  to  l/e  of  its  initial  value, 
is  SX*lSTr*gH  V,  that  is  ^X^T/S'rt'gH,  where  T  is  the  time  of  a 
complete  oscillation.  In  the  case  of  a  circular  resonator,  of 
diameter  D,  D>l>g,  and  the  time  t,  which  elapses  before  the 
amplitude  of  the  oscillations  falls  to  Ije  of  its  initial  value, 
satisfies  the  relation 

S\'T/87r*f  >  t  >  ti\'Tl87r*gW. 

When  the  ends  of  the  resonator  are  spheres,  the  above  relation 
is  approximately  V92T{D/gy>t>l-92T(Dlgy,  and,  in  the 
case  of  the  resonator,  of  diameter  '70  m.,  used  by  Hertz, 
the  distance  between  the  centres  of  the  small  spheres  being 
2  cm.,  the  number  of  complete  oscillations,  executed  before  the 
amplitude  falls  to  l/e  of  its  initial  value,  lies  between  2352  and 
82320.  When  the  ends  of  the  resonator  are  plates,  the  time 
t  satisfies  the  relation  'ODSST(D|gy>t>•OoS':iT{D/gy,^Nhich, 
in  the  case  of  a  resonator  of  the  same  size  as  that  used  by 
Hertz,  shews  that,  when  the  ends  are  plates,  the  number  of 
complete  oscillations,  executed  before  the  amplitude  falls  to  l/e 
of  its  initial  value,  lies  between  65  and  2253.  Bjerknes* 
found,  by  experiment,  that  the  number  of  complete  oscillations, 
executed  before  the  amplitude  falls  to  l/e  of  its  initial  value, 
was  between  500  and  600,  in  the  case  of  a  resonator,  whose 
fundamental  wave  length  was  about  8  metres,  but,  in  comparing 
the  results  of  his  experiments  with  those  of  theory,  it  has  to  be 
remembered  that,  in  his  arrangement,  sparks  were  prevented 
from  passing  between  the  ends  of  the  resonator.  Now,  sparks 
can  be  prevented  from  passing  in  two  ways,  by  increasing  the 
effective  gap  or  by  arranging  that  there  shall  be  nodes  near  the 
ends  of  the  resonator,  in  which  case  the  potential  difference  in 
the  gap  will  be  much  less.  It  at  once  follows  from  the  above, 
that  an  increase  in  the  length  of  the  effective  gap  greatly 
increases  the  rate  of  decay.  The  second  method  of  preventing 
sparks  is  equivalent  to  preventing  the  resonator  from  executing 
vibrations  of  fundamental  wave  length,  which  can  be  efifected 
by  using  plates  at  the  ends,  instead  of  spheres,  and  in  this  case> 

*  Annalen  der  Physik  und  Chemie,  Bd.  44,  1891. 
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as  was  seen  above,  the  rate  of  decay  is  about  36  times  faster. 
It  can,  therefore,  be  concluded,  that  the  rate  of  decay  of  the 
oscillations  in  the  resonator,  under  the  conditions  of  Bjerknes' 
experiments,  is  considerably  greater  than  it  is,  when  the 
resonator  is  arranged  as  in  the  experiments  of  Hertz  or  in 
those  of  Sarasin  and  de  la  Rive,  and,  taking  into  account  the 
influence  of  the  arrangement  of  the  resonator  on  the  rate  of 
decay,  the  rate  observed  by  Bjerknes  is  of  the  order  indicated 
by  theory.  It  follows,  also,  from  the  above,  that  the  rate  of 
decay  of  the  oscillations  in  the  resonator,  which  correspond  to 
the  first  and  higher  overtones,  is  very  much  greater  than  that 
of  the  oscillations  of  fundamental  wave  length.  The  influence 
of  the  rate  of  decay  on  the  wave  length  of  the  fundamental 
oscillations  of  the  resonator  will  be  negligible,  as  was  assumed 
§  71,  this  rate  being  very  small. 

76.  Proceeding  now  to  the  case  of  waves  along  a  straight 
wire  with  a  free  end,  there  being  no  sources  or  other  free  ends 
near  to  the  free  end,  it  was  seen,  §  68,  that  the  value  of  L,  at  a 
point  on  the  wire  at  a  distance  5,  measured  along  the  wire,  from 
the  free  end  is  given  by 


I 


L  —  A  \    {^m  KS—  sin  {ks  cos  6)]  dO. 

J  0 

The  points  at  which  the  electric  force  perpendicular  to  the 
wire  vanishes,  that  is  the  points  at  which  there  are  nodes,  are 
determined  by  the  roots  of  the  equation 


Writing 


I 

■X  COS  KS  -  I     cos  {ks  cos  6)  cos  6d0  =  0. 
^  Jo 


TT 


^  cos  cc  —  I    cos  (x  cos  6)  cos  Odd  =  X, 


it  appears  that,  when  a?  =  0,  X  =  7r/2  -  1.     As  ^  increases  from 


TT 


zero,  ^  cos  x  diminishes  and  vanishes  when  a;  =  7r/2,  the  integral 
cos  (w  cos  6)  cos  Odd  also   diminishes   and   remains   positive 


/ 
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until  its  first  zero,  which  can  easily  be  shewn  to  be  less  than 
\/3,  is  attained;  hence,  the  least  value  of  x,  for  which  X  vanishes, 
lies  between  0  and  7r/2.  Writing  the  integral  in  the  expression 
for  X  in  the  form  of  a  series,  X  is  given  by 

Z  =  2  cos^- (^1-3 +  3^-3^^ +...J, 

and,  using  this  expression,  it  can  be  shewn  that,  when 
X  =  237r/60,  X  '=  -001 5. . . ,  and,  when  x  =  69 J7r/1 80,  X  =  - -0022. . . ; 
therefore  the  least  zero  of  X  lies  between  237r/60  and  2087r/540. 
For  waves  of  wave  length  \,  the  first  node  is  therefore  at  a 
distance  d  from  the  end  of  the  wire,  where 

104X  23\ 

whence  d=  •192X,  this  result  differing  from  the  accurate  one  by 
less  than  one-two-thousandth  part  of  a  wave  length.  It  can 
also  be  shewn  that  the  next  zero  is  greater  than  tt,  and  that, 
when  a;=2487r/180,  X  =  -0032...,  and  when  iP  =  248j7r/180, 
X  =  '00027...;  hence,  if  d^  is  the  distance  of  the  second  node, 
c?i  satisfies  the  relation 

1489X  124^ 

2160^"^^  ^180    ' 

and  therefore  d^  —  GSOX,  this  result  differing  from  the  accurate 
one  by  less  than  10~^X/4.  The  distance  between  the  first  and 
second  nodes  is  given  by  •497A-,  which  differs  from  half  a  wave 
length  by  ■003X,  justifying  the  assumption  made  §  72.  From 
the  formula  X  =  7'95i),  for  the  fundamental  wave  length  of  a 
circular  resonator  of  diameter  i),  §  71,  it  follows  that  the  semi- 
circumference  of  the  circle  is  •197\,  so  that  the  seini-circum- 
ference  of  the  resonator  is  very  nearly  equal  to  the  distance  of 
the  first  node  from  the  free  end  of  a.  wire  along  which  waves  are 
travelling,  the  node  being  that  which  belongs  to  oscillations  of 
the  same  period  as  those  of  fundamental  wave  length  in  the 
resonator.  This  was  observed  to  be  the  case  by  Sarasin  and 
de  la  Rive*  in  their  experiments.     The  result  of  taking  into 

*  Comptes  Rendus,  ex.  1890. 
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account  the  effect  of  the  small  spheres  at  the  ends  of  the 
resonator  would  be  to  make  the  coincidence  closer. 

To  determine  the  positions  of  the  other  nodes  along  the  wire, 

IT 

the  semi-convergent  form  of  the  integral  I    cos  (x  cos  6)  cos  dd6, 

J  0 

can  be  used,  and  the  expression  whose  zeros  are  required,  is, 

in  this  form, 

TT  /tt         /       7r\  f,     -3.5.1      3.5.7.9.1.3.5         ] 

2^"^^-V2^^"H'^-4Jf +2!(8^ iHM^ +•••) 

/tt    .     /       7r\(3       3.5.7.1.3 

+  \/2:^^^"r"4Ji8^-    3!(8.y    +••; 

/ 1  __  _3      3^5  __      \ 
'^W     ^"^    a'        '*/' 

The  zeros  of  this  expression  ultimately  tend  to  (2k  +  1)  7r/2, 
where  k  is  an  integer;  the  distance  between  the  second  and 
third  nodes  is  greater  than  half  a  wave  length,  and  so  on. 

77.  The  form  of  the  wave  front  in  the  neighbourhood  of 
the  free  end  of  a  wire  can  be  obtained  as  follows.  Taking 
r  in  equation  (8),  §  62,  to  be  very  small  compared  with  the 
wave  length,  the  function  yfr,  in  the  neighbourhood  of  the  free 
end,  is  given  by 

yfr  =  rio  Br  {1  -  fjb), 
and 

from  the  same  equation,  whence  the  components  of  the  electric 
force  R  and  0  are  given  by 

V'  dt  ~  r'  dfJL  ~        r    ^'^^  ^^^' 

1  dS^      1      dylr_n,B      /I  -  fi 
V^  dt      rsinddr  ~    r    V   1  +  /i,  * 
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Therefore  in  the  immediate  neighbourhood  of  the  free  end, 


that  is. 


-iV!-^!'--»«'-^1' 


or,  if  6  be  the  angle  which  the  radius  vector  makes  with  the 
wire. 


-  ^  =  tan  H   1  +  2w 


^-...  2^. -....log  sin  2). 

Hence  the  equation  to  the  wave  fronts  near  to  the  free  end  is 
approximately 

r*  cos  ^  =  const., 

that  is,  they  are  portions  of  paraboloids  of  revolution,  which 
have  the  free  end  as  focus  and  their  vertices  on  the  wire. 


78.  To  obtain  the  form  of  the  wave  front  in  the  neighbour- 
hood of  the  wire,  at  a  great  distance  from  the  free  end,  let  the 
wire  be  taken  as  the  axis  of  z,  the  axes  of  x  and  y  being 
perpendicular  to  it,  and  the  origin  at  the  free  end.  The 
expressions  for  the  components  of  the  electric  force  at  the 
point  a;,  y,  z  are  then,  §§  44,  57, 

y    a  re— -8Z  , 

ox  ]  ^     r    ozi 

„    a  re— ^ax  , 

dyJo    r    dz^ 

dz  ]  Q     r     dz^  J  0     r 

where  r^  =  (z-  z^y  +  x^  +  yS  and,  §  68, 

IT 

2  [^ 
L=^C  [sin  fczi  —  I    sin  (kZi  cos  6)  dd], 

TT  j   0 


124  STATIONARY   WAVES   IN  OPEN   CIRCUITS  [x 

Writing 


and  for its  equivalent 


it  follows  that 


.  -T  [cos  /CZi I     COS  (/CZi  COS  ^)  COS  ^C?^]/ 

Now 

I    e  ^      '  cos KZidzi=  I    e    ^'^  cos k  (z  +  ^)  d^, 

where  z  is  positive,  that  is 

I     e    ^"^  COS/<:^iCt<S^i 

J  0 

=        e"^'' cos/c(^  +  f)c?f-         e    2<rcos/c(<s:+?)cZ?', 

J   —00  J    -  CO 

whence 

I      e    2<r  COS  KZ^dZj^ 

Jo 

:=^^^e~^  J2ii^-r'  e"'^  COS  K(z  +  ^)d^. 

K  J  —CO 

The  second  term  on  the  right-hand  side,  when  z  is  great,  is 
negligible  compared  with  the  first,  and  therefore 

I    e  ^'^         cos  KZidzj^ 
Jo 

tends  to  the  value  -  cos  Kze  ^  j27ro;  when  z  is  great.   Similarly 
I    e  2<r^  ^1  cos  (ic^^i  cos  ^)  cZ^i 

J  0 
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tends  to  the  value  -cos{KZC03d)e      ^    J^ira,  when  z  is  great, 
and  therefore  x  tends  to  the  value 

J   c-oot 

w 

X  <e  ^  cos  KZ I  e  2        qqq  ^^^  qqq  ^^ ^os  dadV  —  . 

Further,  the  first  significant  term  of  the  integral 


I  e  2  *^'    cos  {kz  cos  6)  cos  6d6 


involves  (kz)~^.     Hence  ultimately,  when  z  is  very  great  com- 
pared to  the  wave  length,  x  is  given  by 

^  =  —  /cG  cos  KZ  I        e  ^^  — . 

In  like  manner,  the  integral 

•  (ar2+y2)  d(T 


I     Ldzi  =  —  Csin  kz  I        ( 

Jo        T  Jc-Qoi 


2<r" 


when  z  is  very  great  compared  to  the  wave  length.  Hence,  at 
a  great  distance  from  the  plane  2^  =  0,  in  the  direction  of  the 
wire,  the  components  of  the  electric  force  are  given  by 


r 

)S  KZ   j 

J  I 

ro 
Y  =  K^Gy  cos  KZ  I        e 

J  e— 001 


e— 001 

Z=0: 


that  is. 


2kCo^ 


^  =  -  -^, ^  cos  KZ, 

ar^  +  V 


r  =  — - — —„  cos  /c^", 
x'  +  y^ 

Z=     0. 
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Thus,  at  a  distance  from  the  plane  z  =  0,  great  in  comparison 
with  the  wave  length,  the  wave  fronts  tend  to  become  planes 
perpendicular  to  the  wire.  Therefore,  in  travelling  in  the 
direction  of  the  wire  from  the  free  end,  the  wave  fronts 
change  continuously  from  paraboloids  of  revolution  with  their 
concavities  towards  the  free  end,  the  free  end  being  the 
common  focus,  to  planes  perpendicular  to  the  wire. 

79.  The  form  of  the  wave  fronts,  in  the  neighbourhood  of 
a  terminated  straight  wire,  has  been  made  the  subject  of 
experimental  investigation  by  Birk eland  and  Sarasin*.  Circular 
resonators,  of  diameters  10  cm.  and  25  cm.,  were  used  by  them  ; 
the  positions  of  the  first  four  nodes,  in  the  direction  of  the  wire 
from  the  free  end,  at  different  distances  from  the  wire,  are 
given  in  a  table,  for  the  resonator  of  diameter  10  cm.,  and  a 
figure  is  given,  indicating  the  positions  of  the  nodes  at  different 
distances  from  the  wire  and  the  forms  of  the  wave  fronts,  for 
both  resonators.  For  the  resonator  of  diameter  10  cm.,  it 
appears  that,  at  a  distance  of  2  cm.  from  the  wire,  the  first 
node  was  at  a  distance  of  16  cm.  from  the  free  end  of  the  wire, 
measured  parallel  to  the  wire,  and  that  the  mean  distance 
between  consecutive  nodes  was  39*6  cm. 

The  result  of  the  theory,  §  71,  is  that  the  wave  length  of  the 
resonator  is  79'5  cm.,  and,  §  76,  that  the  distance  of  the  first  node 
on  the  wire  from  the  free  end,  for  the  waves  belonging  to  a 
resonator  of  10  cm.  diameter,  is  15*2  cm.,  the  distance  between 
successive  nodes  being  approximately  half  a  wave  length,  which 
in  this  case  is  39'7  cm.,  so  that  the  results  of  theory  and  observa- 
tion agree.  In  the  figure  given  by  Birkeland  and  Sarasin,  the 
change  in  the  form  of  the  wave  front,  as  the  free  end  is  receded 
from  in  the  direction  of  the  wire,  is  the  same  as  that  arrived  at 
theoretically  §§  77,  78.  In  particular,  they  found  in  the  case 
"  of  the  three  sets  of  observations  made  in  the  spaces  between 
the  nodes,  that  the  perpendicular  to  the  plane  of  the  resonator 
circle,  when  placed  in  that  position,  in  which  the  effect  was  a 
maximum,  is  very  approximately  in  the  direction  of  the  bisector 

*  Comptes  Rendus,  cxvii.  1893. 
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of  the  angle,  which  the  line  joining  it  to  the  end  of  the  wire 
makes  with  a  parallel  to  the  wire  through  it."  When  the 
spark  gap  is  in  the  position  described,  it  is  tangential  to  the 
wave  front,  and  therefore  the  wave  front  is  very  approximately 
a  paraboloid  of  revolution,  having  the  end  of  the  wire  as  focus, 
which  is  in  exact  agreement  with  the  result  of  the  theory,  §  77. 

80.  When  the  velocity  of  propagation  of  electric  waves  is 
determined  by  observations  on  wires,  the  thing  measured  is  the 
distance  between  two  consecutive  nodes  along  the  wire,  and 
this  distance  is  assumed  to  be  half  a  wave  length.  Now  the 
result  of  theory  is  that,  if  the  wire  were  perfectly  conducting 
and  endless,  the  wave  fronts  would,  for  a  straight  wire,  be 
planes  perpendicular  to  the  wire,  and  the  distance  between 
two  consecutive  nodes  along  the  wire  would  be  half  a  wave 
length,  so  that  the  velocity  of  propagation  determined  under 
these  conditions  would  be  the  accurate  one. 

If  the  wire  is  not  perfectly  conducting,  and  the  effect  of 
imperfect  conduction  is  assumed  to  be  dissipation  of  the 
energy  according  to  Ohm's  law,  the  wave  fronts,  in  the  case  of 
a  straight  wire,  will  no  longer  be  planes  perpendicular  to  the 
wire,  so  that  the  distance  between  two  consecutive  nodes  along 
the  wire  will  not  be  half  a  wave  length.  It  is  not  difficult  to 
prove  that  the  distance  between  two  consecutive  nodes  along 
the  wire  will  be  less  than  half  a  wave  length,  the  difference  for 
copper  wire  about  1  cm.  diameter  being,  in  the  case  of  waves 
whose  wave  lengths  lie  between  2  m.  and  10  m.,  a  quantity, 
whose  ratio  to  the  half  wave  length  is  of  the  order  10~*,  a 
difference  too  small  to  affect  the  results  of  observation. 

When  the  wire  is  terminated,  it  appears  from  the  theory, 
§  76,  etc.  that,  owing  to  the  radiation  from  the  free  end,  the 
wave  fronts  are  not  planes  perpendicular  to  the  wire  all  along 
it,  but  gradually  approximate  to  planes  as  the  free  end  is 
receded  from,  the  distance  of  the  first  node  along  the  wire  from 
the  free  end  being  considerably  less  than  a  quarter  wave 
length,  and  the  distance  between  the  first  and  second  nodes 
along  the  wire  being  less  than  half  a  wave  length,  the  ratio  of 
this  difference  to  the  half  wave  length  being  a  quantity  lying 
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between  10"^  and  10~^  It  follows  that  the  velocity  of  propa- 
gation of  electric  waves  as  determined  from  observations  on 
wires,  assuming  the  distance  between  consecutive  nodes  along 
the  wire  to  be  half  a  wave  length,  will  be  very  nearly  the 
velocity  of  propagation  of  waves  in  the  surrounding  medium. 

Two  methods  of  comparing  the  wave  lengths  along  a  wire 
with  those  in  air   have   been  devised  by  Hertz*.      The  first 
method  consisted  in  observing  the  effect  of  interference  between 
the  waves  proceeding  from  an  oscillator  and  the  waves  set  up 
in   a   straight   wire   by    this    oscillator;     the    second   method 
consisted  in  observing  the  loops  and  nodes  of  the  stationary 
waves  set  up  by  reflexion  from  a  plane   mirror.      Both  sets 
of  experiments  were  made  in  the  same  room,  though  under 
somewhat   different   conditions.       Two   resonators   were    used, 
one  of  which  was  a  circular  resonator  of  diameter  70  cm.,  and 
both  resonators  were  in  tune  with  the  oscillator.     The  distance 
between  two  consecutive  nodes  on  a  straight  wire,  detected  by 
the  circular  resonator,  Hertz  had  already  found  to  be  2'8  m., 
which  is  in  agreement  with  the  theory  above,  the  theoretical 
value  of  the  fundamental  wave  length  of  this  resonator  being 
5*56  m.     In  the  mirror  experiment  the  primary  oscillator  was 
at  a  height  of  2*5  m.  above  the  floor,  and  the  resonator  was 
moved   along   at    this    height.     The    first   loop  occurred  at  a 
distance  of  1*72  m.  from  the  mirror,  the  first  node  at  a  distance 
somewhere  between  41  m.  and  4*15  m.;  farther  from  the  mirror 
the  phenomena  had  become  so  feeble  that  the  position  of  the 
second   loop   could    not   be    determined   with    any   degree    of 
accuracy,  all    that    could   be   asserted  was   that   it  was   at   a 
distance  somewhere  between  6  m.  and  7*5  m.  from  the  mirror. 
It   is   evident   from  theory  that  these  results  are  not  those, 
which    would   be  observed  if  the   phenomena  were   those   of 
reflexion  at  a  plane  mirror,  for  in  that  case  the  distance  of  the 
first  node  from  the  mirror  would  be  somewhere  about  twice  the 
distance  of  the  first  loop  from  it,  even  allowing  for  the  limited 
extent  of  the  mirror.     Disturbing  causes,  of  which  the  effects 
are  considerable,  are  present.    The  possible  disturbances  are  those 
due  to  reflexion  from  the  floor  and  the  walls  of  the  room,  and 
*  Electric  Waves,  pp.  107,  124. 
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those  due  to  the  presence  of  the  oscillations  in  the  resonator, 
which  belong  to  its  overtones.  The  resonator  being  in  tune 
with  the  oscillator,  the  amplitude  of  the  oscillations  belonging 
to  its  overtones  will  be  very  small  compared  with  that  of  the 
oscillations,  which  belong  to  its  fundamental  tone,  so  that,  in 
this  case,  the  effect  of  these  other  oscillations  in  the  resonator 
may  be  neglected.  If  it  be  assumed  that  the  floor  is  a  perfect 
conductor  and  that  the  effect  of  the  walls  is  negligible,  the 
condition  for  a  well  marked  loop  or  node  is  that  the  electric 
force  at  the  gap  of  the  resonator,  due  to  reflexion  at  the  floor 
and  at  the  mirror,  is  in  the  same  or  opposite  phase  as  the 
electric  force  in  the  gap  when  the  mirror  and  floor  are  supposed 
to  be  away.  Denoting  by  x  and  y  the  distances  of  the  resonator 
from  the  mirror  and  from  the  floor,  these  distances  being 
measured  parallel  to  the  floor  and  to  the  mirror  respectively, 
the  above  condition  is  represented  approximately  by 

sin  ^KX     sin  2«r     sin  2/cy  _  _ 

-  "^  ^p  —  V/, 

X  r  y 

where  k  =  27r/\,  \  is  the  wave  length  and  r^  =  x^  +  y-.  The 
number  of  real  roots  of  this  equation  in  x  depends  on  the 
distance  y  of  the  resonator  from  the  floor ;  if  3/  is  a  multiple  of 
half  the  wave  length,  sin  2Ky  vanishes,  and  there  is  an  infinite 
number  of  real  roots;   in  any  other  case  the  number  of  real 

roots  is  finite,  as  the  range  of  fluctuation  of 

X  r 

diminishes  as  x  increases. 

Thus,  in  general,  there  will  only  be  a  limited  number  of 
well  marked  loops  and  nodes.     In  the  particular  case  under 

consideration    the   value    of is   very   nearly    1/4,   all 

distances  being  supposed  expressed  in  metres,  so  that  there 
will  be,  assuming  the  floor  a  perfect  conductor,  no  well  marked 
loop  or  node,  the  first  loop  excepted.  Further,  the  least  root 
Xq  of  the  above  equation  is  considerably  greater  than  a  quarter 
wave  length,  and  therefore  the  true  wave  length  in  air  will  be 
much  less  than  four  times  the  distance  of  the  first  loop  from 
M.  E.  w.  9 
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the  mirror.  If  the  floor  is  not  a  perfect  conductor,  the  above 
equation  will  be  replaced  by  the  equation 

sin  2kx        sin  2«r        sin  2a:v 
X  r  y 

where  e  is  some  quantity  less  than  unity,  and  the  results  will 
be  of  the  same  kind  as  those  described  above ;  the  distance  of 
the  first  loop  from  the  mirror  will  be  greater  than  a  quarter 
wave  length,  and  a  loop  or  node  at  some  distance  from  the 
mirror  will  not  be  well  marked. 

These  effects  are  exactly  those  which  Hertz'  results  shew 
to  have  been  present  in  his  experiments,  and,  it  being  re- 
membered that  the  effect  of  reflexion  from  a  wall  would 
produce  the  same  kind  of  effects,  it  can  be  safely  concluded 
that  there  was  considerable  reflexion  from  the  floor  or  walls  of 
the  room,  most  probably  from  the  floor. 

In  the  interference  experiment  the  primary  was  differently 
arranged,  its  height  above  the  floor  being  now  1*5  m.  The 
total  effect  on  the  resonator  in  any  position  is  made  up  of  the 
effect  due  to  the  waves  coming  directly  to  it  from  the  oscillator, 
the  waves  coming  from  the  oscillator,  which  are  reflected  to  it 
from  the  floor  and  the  walls,  the  waves,  which  are  radiated  out 
from  the  resonator  and  are  reflected  back  to  it  by  the  floor  and 
the  walls,  and  the  waves  along  the  wire.  If  there  were  no  wire, 
the  waves  from  the  oscillator  which  arrive  at  the  resonator 
after  reflexion  at  the  walls  or  at  the  floor  would  interfere  with 
the  waves  coming  direct  from  the  oscillator  differently  at 
different  distances,  for  the  ratio  of  the  amplitudes  of  these 
waves  and  their  difference  of  phase  are  different  at  different 
distances  from  the  oscillator.  If  then,  there  being  no  wire,  the. 
resonator  were  moved  in  a  direction  parallel  to  the  floor  and 
away  from  the  oscillator,  the  sparks  would  at  first  diminish  in 
intensity  and  afterwards  increase  to  a  maximum,  after  which 
they  would  again  diminish,  the  successive  maxima  diminishing 
and  the  distance  apart  of  two  consecutive  maxima  tending  to,, 
but  being  always  greater  than,  half  a  wave  length.  If  there 
were   no  reflexion  from  the  walls  or  floor  of  the  room,  the 
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sparks  would  diminish  continuously  as  the  resonator  is  moved 
away  from  the  oscillator.  When  there  is  a  wire,  there  will  be 
along  it  waves  of  different  wave  lengths,  as  has  been  shewn 
experimentally  by  Sarasin  and  de  la  Rive.  Stationary  waves 
will  be  formed  along  the  wire,  whether  it  has  a  free  end  or  is 
led  to  a  conductor,  and  the  electric  force  perpendicular  to  the 
wire  will  vary  along  it.  The  amplitude  of  the  waves  along 
the  wire,  which  have  the  same  wave  length  as  an  overtone  of 
the  resonator,  will  not  necessarily  be  negligible  in  comparison 
with  the  amplitude  of  the  waves  along  the  wire,  which  have 
the  same  wave  length  as  the  fundamental  tone  of  the  resonator. 
The  effect  on  the  resonator  of  the  waves  along  the  wire  will 
therefore  be  a  periodic  function  of  the  distance  measured  parallel 
to  the  wire.  The  nature  of  the  effect  on  the  resonator  of  the 
interference  of  the  waves  along  the  wire  with  the  waves  coming 
directly  from  the  resonator  and  those  coming  from  the  walls 
and  the  floor  of  the  room  will  then  be  of  the  character  observed 
by  Hertz ;  if  there  were  no  reflexion  from  the  walls  or  floor,  or 
if  there  were  only  simple  harmonic  waves  along  the  wire,  the 
interference  would  not  have  been  of  the  kind  observed ;  to 
produce  it,  there  must  have  been  waves  along  the  wire  with 
the  same  wave  length  as  one  or  more  of  the  overtones  of  the 
resonator,  as  well  as  reflexion  from  the  walls  or  floor  of  the 
room. 

These  experiments  of  Hertz  taken  together  shew  indirectly 
that  the  overtones  of  a  resonator  are,  under  the  proper  conditions, 
excited.  Evidence  for  their  existence  can  also  be  obtained 
from  the  experiments  of  Sarasin  and  de  la  Rive.  They  found 
in  their  mirror  experiments  that  there  was  no  position  in  which 
the  sparks  totally  disappeared.  If  only  the  fundamental  tone 
of  the  resonator  had  been  excited,  there  ought  theoretically  to 
be  no  sparks  at  a  distance  from  the  mirror,  which  is  a  multiple 
of  half  the  fundamental  wave  length  of  the  resonator,  and  if  the 
wave  lengths  corresponding  to  the  overtones  were  integral 
submultiples  of  the  fundamental  wave  length  of  the  resonator, 
there  would  be  no  sparks,  due  to  the  presence  of  the  overtones, 
at  such  points.  It  has  been  shewn,  §  71,  that,  if  \,,  Xi  are  the 
wave  lengths  of  the  fundamental  tone  and  of  the  first  overtone, 

9—2 
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Xi  =  '28Xo,  whence  7Xi/4  =  '49Xo,  and  therefore  the  first  node 
from  the  mirror  for  the  fundamental  tone  is  very  near  to  a 
loop  for  the  first  overtone.  If  the  fundamental  wave  length  of 
the  resonator  is  nearly  the  same,  or  less  than,  the  wave  length 
of  the  oscillations  sent  out  by  the  oscillator,  the  amplitude 
of  the  oscillations  belonging  to  any  of  the  overtones  of  the 
resonator  will  be  small  compared  with  that  of  the  oscillations 
belonging  to  the  fundamental  tone,  so  that,  in  such  cases,  the 
observed  positions  of  the  nodes  and  the  loops  will  be  very 
approximately  the  same  as  if  the  overtones  of  the  resonator 
were  not  excited ;  the  only  appreciable  effect  of  the  overtones 
will  be  that  there  will  be  no  position  in  which  sparks  are  entirely 
absent.  If,  however,  the  fundamental  wave  length  of  the 
resonator  is  greater  than  the  wave  length  of  the  oscillations 
sent  out  by  the  oscillator,  the  amplitude  of  the  oscillations 
belonging  to  the  first  overtone  of  the  resonator  may  not  be 
small  compared  with  the  amplitude  of  the  oscillations  belonging 
to  the  fundamental  tone,  as  the  ratio  of  their  amplitudes  is 
very  approximately 

where  \  is  the  wave  length  of  the  oscillations  of  the  oscillator, 
and,  in  such  cases,  the  observed  positions  of  the  nodes  and  the 
loops  would  not  be  the  same  as  if  the  overtones  were  not 
excited.  This  is  probably  the  explanation  of  the  fact  that 
Sarasin  and  de  la  Rive  in  their  third  series  of  experiments  did 
not  obtain  good  results  in  the  case  of  the  resonator  of  diameter 
1  m.,  as  its  fundamental  tone  has  a  wave  length  considerably 
greater  than  that  of  the  oscillations  of  the  oscillator,  and  the 
amplitude  of  the  oscillations  belonging  to  the  first  overtone  of 
this  resonator  is  approximately,  in  the  case  of  the  oscillator 
used,  one-fifth  of  the  amplitude  of  the  oscillations  belonging  to 
the  fundamental  tone,  so  that,  in  this  case,  there  would  be  a 
displacement  of  the  observed  positions  of  the  nodes  and  the 
loops  from  the  positions  of  the  nodes  and  the  loops  belonging 
to  the  fundamental  tone,  which,  though  small,  would  be 
appreciable.      Another   curious   effect,    which    they   observed. 
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was  that  the  intensity  of  the  minimum  sparks  in  the  resonator 
was  greater  than  the  intensity  of  the  sparks,  when  the  mirror 
was  away*.  This  can  be  explained  as  follows:  when  there  is 
no  mirror,  the  almost  dead  beat  oscillations  of  the  oscillator 
produce  an  effect  on  the  resonator  similar  to  that  which  would 
be  produced  by  a  single  pulse.  When  the  mirror  is  present, 
the  waves  from  the  oscillator,  after  striking  on  the  resonator, 
are  reflected  back  from  the  mirror,  as  are  also  the  waves 
emitted  from  the  resonator,  and  these  latter  have  a  very  small 
rate  of  decay.  If  the  resonator  is  at  a  distance  from  the  mirror 
which  would  be  a  loop  for  one  of  its  overtones,  the  oscillations 
belonging  to  this  overtone  are  continually  reinforced,  and  after 
a  time  their  amplitude  will  become  great  compared  with  that 
of  the  amplitude  of  the  oscillations  excited  by  the  oscillator 
when  there  is  no  mirror.  As  the  rate  of  the  radiation  of  energy 
from  a  resonator  varies  inversely  as  the  fourth  power  of  the 
wave  length,  the  amplitude  of  the  oscillations  belonging  to  an 
overtone  will  be  much  less  in  comparison  with  the  amplitude  of 
the  oscillations  belonging  to  the  fundamental  tone  than  it  is 
when  there  is  no  mirror,  so  that  the  results  stated  above,  as  to 
the  effect  of  the  overtones  on  the  positions  of  the  loops  and  the 
nodes,  will  not  be  affected.  The  effect  of  the  overtones  will  be 
that  observed  by  Sarasin  and  de  la  Rive;  there  will  be  no 
position  in  which  the  sparks  totally  disappear  in  front  of  a 
reflector,  and  the  intensity  of  the  sparks  in  the  resonator,  when 
it  is  in  a  position  in  which  the  intensity  of  the  sparks  is  a 
minimum,  will  be  greater  than  the  intensity  of  the  sparks 
produced  in  the  resonator,  when  there  is  no  reflector. 

*  The  effect  of  even  slight  reflexion,  such  as  that  from  a  wall,  in  increasing 
the  intensity  of  the  sparks  in  a  resonator  had  already  been  observed  by  Hertz. 


APPENDIX  A. 

THE  RELATION  OF  THEORETICAL  TO  EXPERIMENTAL 

PHYSICS. 

All  observations  consist  in  the  comparison  of  motions,  the 
thing  observed  being  always  a  change  of  position  of  soQiething 
as,  for  example,  of  a  needle,  a  spot  of  light  or  the  hand  of  a 
watch.  The  function  of  theoretical  physics  is  to  give  a  con- 
sistent representation  of  these  changes,  and  this  representation 
has  to  be  made  in  terms  of  certain  general  conceptions  such  as 
space.  Now  space  is  conceived  of  as  possessing  the  property  of 
extension  only,  and  it  is  postulated  of  it  that  it  is  possible  to 
assign  definite  positions  (points)  in  space,  to  draw  uniquely  a 
line  from  any  one  point  to  any  other,  which  shall  have  the 
same  direction  throughout,  and  to  draw  from  any  point  uniquely 
a  line  which  shall  throughout  have  a  definite  assigned  direction. 
Thus  space  itself  is  not  conceived  of  as  moving,  but  as  being 
such  that  motion  can  take  place  in  it.  The  possibility  of  the 
motion  of  a  point  in  space  involves  that  of  its  not  being  in 
motion,  so  that  absolute  position  in  space  is  a  necessity  of 
thought. 

If  AB  and  CD  be  two  parallel  straight  lines  and  points  P 
and  Q  be  supposed  to  move  along  AB  and  CD  respectively  so 
that  the  straight  line  PQ  moves  from  the  position  AC  to  the 
position  BD,  the  points  P  and  Q  are  said  to  describe  AB  and 
CD  in  the  same  time,  and  further,  if  the  straight  line  PQ  in  all 
intermediate  positions  which  it  occupies  passes  through  the 
intersection  oi  AC  and  BD,  the  rates  of  description  of  AB  and 
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CD  by  P  and  Q  are  said  to  be  always  in  the  constant  ratio  AB 
to  CD. 

In  this  way  rates  of  description  of  paths,  that  is  velocities, 
can  be  compared ;  hence  arises  the  idea  of  a  constant  velocity, 
and  time  is  conceived  of  as  measured  mathematically  by  a  point 
which  describes  a  definite  path,  as  for  example  a  circle,  with  a 
constant  velocity.  Mathematical  time  is  not  necessarily  the 
same  as  the  time  of  actual  experience,  no  amount  of  experience 
can  ever  prove  that  they  are  the  same  or  that  they  are  different. 
What  can  be  asserted  is  that  there  are  actual  timekeepers 
which  measure  time  in  such  a  way  that  within  the  range  of 
actual  experience  its  properties  are  indistinguishable  from  those 
which  are  assigned  to  the  time  of  mathematical  thought. 

Similarly,  it  cannot  be  asserted  of  any  velocity  of  actual 
experience  that  it  is  an  absolute  velocity ;  what  can  be  is  that 
within  the  range  of  the  particular  experience  under  considera- 
tion its  behaviour  is  indistinguishable  from  that  of  a  mathe- 
matical absolute  velocity  or  the  difference  of  two  such  velocities. 
There  can  be  no  actual  experience  of  the  absolute  space,  velocity 
or  time  of  mathematical  thought,  but  it  does  not  thence  follow 
as  some  writers  have  held  that  we  can  have  no  knowledge  of 
them.  These  conceptions  have  been  evolved  by  the  mind  to 
suit  its  mode  of  action  which  impels  it  to  represent  as  far  as  it 
can  the  phenomena  of  actual  experience  in  terms  of  things 
which  can  be  thought  of  as  forming  parts  of  the  whole  con- 
ceptual system  and  at  the  same  time  as  existing  independently. 

Anything  capable  of  actual  motion  was  originally  termed 
matter,  and  the  motions  observed  were  discussed  on  the  assump- 
tion that  they  could  be  represented  by  a  moving  point  or 
points.  If  the  laws  of  motion  according  to  which  such  a  point 
moved  were  known,  the  complete  history  of  the  motion  could 
be  traced,  the  position  of  the  point  at  any  instant  being  then 
expressible  in  terms  of  its  position  and  velocity  at  a  definite 
time.  In  attempting  to  formulate  the  laws  of  motion  of  moving 
points,  whose  motions  should  represent  actual  motions,  it  was 
natural  to  make  use  of  the  ideas  already  arrived  at  concerning 
matter.     Matter  was  thought  of  as  indestructible  and  measur- 
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able,  the  quantity  of  matter  in  a  body  being  independent  of  its 
position  and  unalterable  with  the  time.  Further,  motion  could 
be  communicated  to  a  portion  of  matter,  the  simplest  case 
being  that  where  motion  is  communicated  from  one  moving 
body  to  another,  the  communication  of  motion  being  supposed 
to  take  place  instantaneously.  At  first  the  quantity  of  matter 
in  a  body  was  determined  by  its  weight;  it  was  only  when 
observation  had  shewn  that  the  weight  of  a  body  was  not 
independent  of  its  position  that  it  became  clear  that  quantity 
of  matter  was  not  identical  with  weight.  Matter  was  recognized 
as  being  of  different  kinds,  and  bodies,  the  material  of  which 
was  the  same,  could  be  compared  in  respect  of  quantity  by  the 
volumes  they  occupied ;  comparison  between  bodies  composed 
of  different  kinds  of  matter  would  be  meaningless  except  in 
respect  of  some  property  which  all  kinds  of  matter  possessed  in 
common.  Their  common  property  being  that  they  can  move, 
the  comparison  between  them  must  be  made  in  respect  of  the 
communication  of  motion  from  one  body  to  another,  and  in  the 
theoretical  comparison  each  body  is  supposed  to  be  capable  of 
being  represented  by  a  moving  point. 

Observation  shews  that  the  circumstances  of  the  motion  of 
two  bodies  after  the  communication  of  motion  between  them 
depend  on  the  directions  of  their  motions  before,  so  that  the 
simplest  case  is  that  in  which  the  motions  of  the  two  bodies 
are  such  that  they  can  be  represented  by  two  points  moving 
in  the  same  straight  line,  the  object  of  discovery  being  some 
quantity  which  is  unaltered.  It  is  then  found  that  there  is  a 
linear  function  of  the  velocities  which  remains  constant,  that 
when  the  two  bodies  are  of  the  same  material  the  coefficients 
of  their  velocities  in  this  expression  are  in  the  same  ratio  as 
their  volumes,  and  also  that,  if  communication  of  motion  takes 
place  between  a  body  A^  and  a  body  B  of  different  material 
and  between  a  body  A2  of  the  same  material  as  A^  and  the 
body  B,  if  the  coefficient  of  the  velocity  belonging  to  B  be 
taken  to  be  the  same  in  the  two  cases,  the  ratio  of  the  coefficients 
of  the  velocities  belonging  to  Aj  and  A^  is  the  same  as  when 
communication  of  motion  takes  place  between  A^  and  A^. 
Further   the  knowledge  so  far  obtained  of  these  coefficients 
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makes  it  natural  to  expect  that,  when  communication  of  motion 
takes  place  between  two  bodies  which  are  not  moving  in  the 
same  straight  line,  the  same  linear  function  of  the  component 
velocities  in  any  direction  remains  constant,  and  this  is  found  to 
be  the  case.  It  follows,  that  all  material  bodies  can  be  compared 
in  respect  of  the  communication  of  motion  from  one  to  another; 
the  coefficient  belonging  to  any  one  body  being  kept  constant, 
the  others  remain  constant,  having  always  the  same  ratio  to  the 
standard  one.  The  linear  function  of  the  velocities  in  any 
direction  which  remains  constant  is  termed  the  momentum* 
of  the  bodies  in  that  direction,  and  the  part  of  it  which  involves 
only  one  of  the  velocities,  the  momentum  of  the  body  possessing 
that  velocity,  these  momenta  being  compounded  like  velocities. 
The  ratio  of  the  coefficients  belonging  to  any  two  bodies  is 
termed  the  mass-ratio  of  these  two  bodies,  and,  it  being  agreed 
that  the  coefficient  belonging  to  a  particular  body  is  unity, 
this  body  is  said  to  be  of  unit  mass  and  the  coefficient 
belonging  to  any  other  body  the  measure  of  its  mass.  When 
communication  of  motion  takes  place  between  two  bodies  the 
effect  produced  in  any  direction  is  measured  by  the  change  of 
momentum  of  the  body  in  that  direction.  Observation  shews 
that  in  many  cases  change  takes  place  in  the  motion  of  a  body 
without  its  being  immediately  assignable  to  communication 
with  another  moving  body;  the  change  which  takes  place  is 
still  measured  in  the  same  way,  and  the  cause  producing  this 
change  is  termed  force,  the  measure  of  the  force  being  that  of 
the  change  which  it  produces.  When  the  changes  are  such 
that  they  must  bo  considered  as  taking  place  gradually  and 
not  instantaneously,  the  corresponding  laws  are  obtained  by 
considering  the  gradual  change  to  be  the  limit  of  a  great 
number  of  changes  taking  place  instantaneously  at  successive 
small  intervals  of  time.  Change  of  momentum  is  then  replaced 
by  time  rate  of  change  of  momentum  and  force  by  continuous 
force.  The  preceding  constitutes  the  Newtonian  scheme  for  the 
representation  of  the  phenomena  of  bodies  in  motion  and  in  it 
the  idea  of  momentum  is  fundamental.     The  idea  of  mjxss  is 

*  By  some  writers  it  has  been  termed  the  "  quantity  of  motion." 
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arrived  at  subsequently,  and  it  is  a  result  of  experience  that  the 
mass-ratio  of  two  bodies  of  the  same  material  is  that  of  their 
volumes,  just  as  it  is  a  result  of  further  experience  that  the 
masses  of  bodies  can  at  the  same  place  be  compared  by  their 
weights. 

Instead  of  taking  momentum  as  the  fundamental  idea 
another  measure  of  the  quantity  of  motion  might  have  been 
chosen.  That  adopted  by  Huygens  was  the  quantity  now 
known  as  energy,  and  with  it  as  the  fundamental  idea  a 
complete  scheme  for  the  representation  of  the  phenomena  can 
be  developed.  So  far  as  mechanics  is  concerned  either  scheme 
is  equally  convenient ;  it  is  when  dynamical  methods  come  to 
be  applied  to  the  representation  of  other  physical  phenomena 
that  the  advantages  of  the  second  scheme  become  apparent. 
For  some  time  physical  phenomena  such  as  those  of  heat 
and  electricity  were  ascribed  to  the  existence  of  special  sub- 
stances which  were  different  from  matter,  though  measurable. 
Gradually,  however,  attention  was  directed  to  the  fact  that 
motion  could  be  converted  into  heat  and  heat  into  motion. 
It  was  then  discovered  that  quantity  of  heat  could  be  measured 
in  terms  of  motion,  the  energy  of  the  corresponding  motion 
being  a  measure  of  the  quantity  of  heat.  The  principle  of  the 
conservation  of  energy,  which  was  previously  known  to  hold 
for  mechanical  phenomena,  was  thus  extended  to  thermal 
phenomena  and  then  to  all  physical  phenomena.  The  natural 
inference  was  made  that  all  physical  phenomena  are  modes 
of  motion,  though  in  many  cases  these  motions  could  not  be 
directly  observed.  The  fact  that  some  of  the  motions  can  not 
be  directly  observed  makes  it  convenient  that  the  measure  of 
quantity  of  motion  should  be  independent  of  its  direction, 
the  simplest  such  measure  being  the  energy  of  the  motion. 
Further,  it  has  to  be  recognized  that  all  these  motions  are  not 
necessarily  motions  of  matter,  the  term  matter  being  now 
restricted  to  that  which  possesses  molecular  structure.  Motions 
of  other  kinds  which  may  not  be  capable  of  being  represented 
by  moving  points  must  be  contemplated,  and  the  idea  of  mass 
must  not  be  associated  with  these  motions  as  this  idea  involves 
the  possibility  of  representing  them  by  moving  points.    In  order 
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then  to  apply  dynamical  methods  to  all  physical  phenomena 
the  laws  of  dynamics  must  be  expressed  in  terms  of  that 
measure  of  the  quantity  of  motion  which  is  termed  energy  and 
in  a  form  independent  of  the  idea  of  mass,  these  laws  not  being 
inconsistent  with  the  laws  of  motion  of  material  bodies.  Now 
these  conditions  are  fulfilled  by  that  form  of  the  Lagrangian 
method  which  is  usually  known  as  the  principle  of  Least  Action 
and  which  expresses  the  fact  that  the  system  moves  so  as  to 
expend  as  much  energy  as  it  can.  The  object  of  discovery  in 
any  case  is  the  Lagrangian  function  and  this  function  has  to  be 
constructed  from  the  results  of  experience.  The  presence  of 
motions  other  than  those  which  can  be  represented  by  moving 
points  being  contemplated,  there  may  be  degrees  of  freedom 
which  cannot  be  specified  by  the  coordinates  of  moving  points, 
and  the  coefficients  of  the  squares  of  the  velocities  corresponding 
to  these  coordinates  in  the  Lagrangian  function  must  be  deter- 
mined from  the  results  of  experience  just  as  has  been  done  in 
the  case  of  the  coefficients  of  the  squares  of  the  velocities  of 
the  moving  points  which  represent  the  motions  of  material 
bodies.  On  this  view  all  forces  are  to  be  regarded  as  forces  of 
motion,  motion  being  the  change  underlying  all  the  changes 
which  constitute  physical  phenomena.  This  being  so,  it  seems 
natural  to  inquire  whether  the  Lagrangian  functions  which  are 
constructed  from  the  results  of  experience  can  be  derived  from 
the  Lagrangian  function  which  would  involve  all  the  degrees 
of  freedom  belonging  to  the  motions  which  constitute  physical 
phenomena  and  not  those  only  which  are  directly  observed. 
This  is  what  has  been  done  in  Chapter  v.  above,  where  the 
forms  of  the  modified  Lagrangian  function  which  arise  from  the 
elimination  of  a  number  of  the  coordinates  specifying  degrees 
of  freedom  have  been  discussed  and  where,  in  particular,  it  has 
been  shewn  that  the  modified  Lagrangian  function,  which 
occurs  in  a  great  number  of  cases  in  the  form  of  the  difference 
of  two  functions — one  a  homogeneous  quadratic  function  of 
the  time  rates  of  variation  of  the  coordinates  which  specify  the 
observed  degrees  of  freedom  and  the  other  a  function  of  these 
coordinates — arises  from  the  original  Lagrangian  function  when 
the  latter  involves  the  coordinates  specifying  the  unobserved  or 
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concealed  degrees  of  freedom  in  a  particular  way,  and  that  the 
function  occurring  in  the  modified  Lagrangian  function  which 
does  not  involve  time  rates  of  variation  of  the  coordinates 
specifying  observed  degrees  of  freedom  and  usually  termed  the 
potential  energy  is  the  energy  of  the  concealed  motions.  Now 
the  addition  to  the  Lagrangian  function  of  a  constant  or  of  a 
linear  function  of  the  time  rates  of  variation  of  the  coordinates 
in  evidence  in  it,  the  coefficients  in  this  linear  function  being 
constants,  does  not  alter  the  equations  of  motion ;  thus  the 
presence  of  degrees  of  freedom  which  are  involved  in  this 
manner  in  the  Lagrangian  function  does  not  affect  the  motions 
corresponding  to  the  other  degrees  of  freedom.  Further,  if 
there  are  degrees  of  freedom  whose  coordinates  are  involved  in 
the  Lagrangian  function  in  such  a  way  that  it  differs  from  the 
Lagrangian  function,  which  would  exist  if  they  were  absent,  by 
the  addition  of  parts  which  are  (1)  approximately  a  constant 
and  (2)  a  linear  function  of  the  velocities  belonging  to  the  other 
degrees  of  freedom,  the  coefficients  in  this  function  being  ap- 
proximately constant  for  the  range  throughout  which  the  motions 
belonging  to  these  latter  degrees  of  freedom  are  being  considered, 
these  motions  will  not  be  appreciably  altered. 

Thus,  in  the  case  of  the  motion  of  material  bodies,  the 
equations  of  motion  will  be  approximately  the  same  whether 
the  motions  be  measured  relatively  to  a  body  J.,  or  to  a  body  B 
which  has  a  small  motion  relatively  to  A,  provided  that  the 
time  for  which  the  motions  are  being  considered  is  sufficiently 
short.  The  laws  of  motion  of  material  bodies  were  first  arrived 
at  from  observation  of  moving  bodies  in  the  immediate  vicinity 
of  some  place  on  the  earth's  surface,  the  motions  being 
measured  relatively  to  this  place.  When  motions  of  bodies 
near  the  earth's  surface,  these  motions  lasting  a  considerable 
time  as  in  the  case  of  bodies  falling  from  a  great  height,  were 
made  the  subject  of  observation,  it  was  found  to  be  convenient, 
in  order  to  obtain  a  simple  representation  of  the  motions,  to 
measure  the  motions  relatively  to  axes  supposed  to  be  drawn 
through  the  centre  of  the  earth,  one  of  them  being  the  axis 
about  which  the  earth  rotates  relatively  to  the  stars  and  the 
other  two  fixed  in  direction  relatively  to  the  stars. 
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Similarly  in  the  case  of  the  motions  of  the  planets  it  was 
found  convenient  to  measure  the  motions  relatively  to  axes 
supposed  drawn  through  the  sun  and  fixed  in  direction  relatively 
to  the  stars.  If  the  first  class  of  motions  be  measured  relatively 
to  the  axes  supposed  drawn  through  the  centre  of  the  earth  in 
the  second  case,  the  resulting  motion  relatively  to  the  axes  first 
drawn  will  be  approximately  the  same,  and  similarly,  if  the 
motions  of  both  these  classes  be  measured  relatively  to  the  axes 
drawn  through  the  sun  in  the  third  case,  the  resulting  motions 
relatively  to  the  sets  of  axes  first  chosen  in  the  respective  cases 
will  be  approximately  the  same,  the  differences  in  the  several 
cases  being  experimentally  inappreciable. 

In  every  case  of  the  motion  of  material  bodies  the  laws  of 
motion  must  be  the  same,  and  if  the  natural  assumption,  that 
of  Newton,  be  made,  that  the  force  between  any  two  material 
bodies  depends  only  on  their  relative  position,  there  will  be 
a  set  of  bodies,  possibly  imaginary,  there  being  no  body  not 
included  in  the  set  which  possesses  only  a  uniform  motion  of 
translation  relatively  to  the  set,  such  that  if  motions  are 
measured  relatively  to  them,  the  laws  of  motion  will  be 
accurately  true,  whilst  they  will  only  be  approximately  true  if 
the  motions  be  measured  relatively  to  any  other  body  not 
included  in  the  set.  In  the  case  of  motions  generally  there 
will  be  a  body,  possibly  imaginary,  such  that  if  all  motions  be 
supposed  to  be  measured  relatively  to  it  the  laws  of  dynamics 
will  be  accurately  true,  while  they  are  only  approximately  true 
when  the  motions  are  measured  relatively  to  any  other  body. 
In  the  theory  of  electrodynamics  Faraday's*  laws  were  first 
arrived  at  from  observation  of  circuits  conveying  electric 
currents,  the  positions  and  motions  of  these  circuits  being 
measured  relatively  to  the  place  on  the  earth's  surface  at  which 
the  observations  were  being  made,  and,  when  Maxwell  inves- 
tigates the  state  of  affairs  in  the  intervening  medium  by 
exploring  it  by  means  of  the  secondary  circuit,  this  circuit  is  in 
each  position  it  occupies  supposed  to  be  fixed  relatively  to  the 
place  of  observation.  When  the  propagation  of  electrical  effects 
across  distances  comparable  with  those  of  Astronomy  comes  to 
be  discussed,  the  motions  are  measured  relatively  to  the  axes  of 
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reference  of  Astronomical  investigations,  and  the  secondary 
circuit  of  exploration  must  now  in  each  position  it  occupies  be 
supposed  to  be  fixed  relatively  to  these  axes.  The  laws  of 
electrodynamics  arrived  at  from  the  previous  experiences  are 
assumed  to  be  still  true,  an  assumption  justified  by  observation, 
and  if  the  motions  in  these  previous  experiences  be  measured 
relatively  to  the  Astronomical  axes  the  differences  between  the 
results  so  obtained  and  those  previously  obtained  are  so  small 
as  to  be  incapable  of  detection  by  these  observations.  There 
will  then  in  the  case  of  electrodynamics  be  some  body  such 
that,  if  all  motions  be  measured  relatively  to  it,  the  laws  of 
electrodynamics  will  be  accurately  true,  and  this  case  differs 
from  that  of  mechanics,  inasmuch  as  the  laws  of  electro- 
dynamics would  not  be  accurately  true  if  the  motions  were 
measured  relatively  to  a  body  which  had  a  uniform  motion  of 
translation  relatively  to  the  body  of  reference.  What  is  to  be 
understood  by  the  term  "  axes  fixed  in  space  "  is  a  set  of  axes 
which  are  such  that  if  all  motions  were  measured  relatively  to 
them  the  laws  of  electrodynamics  would  be  accurately  true.  In 
the  comparison  of  theory  and  experiment  the  set  of  axes  to  be 
used  instead  of  those  of  theory  is  that  set  which  is  most 
convenient  and  the  use  of  which  will  lead  to  a  sufficiently 
accurate  representation  of  the  phenomena  under  discussion. 
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APPENDIX  B. 


CONTINUOUS   MEDIA. 


A  CONTINUOUS  medium  may  be  defined  as  being  a  medium, 
which  is  such  that  in  any  region  of  space  occupied  by  it  no 
point  can  be  found  which  is  not  also  in  the  medium.  The 
idea  of  continuity  present  in  this  definition  is  identical  with 
that  of  the  geometrical  continuity  of  space.  Rigid  bodies  and 
elastic  solids,  liquids  and  compressible  fluids  have,  in  order  to 
subject  them  to  mathematical  treatment,  been  identified  with 
continuous  media,  and  it  is  important  to  inquire  what  the 
process  known  as  "  treating  them  as  continuous  "  is  equivalent 
to,  so  as  to  find  out  how  far  the  mathematical  treatment,  which 
is  applicable  to  them,  can  be  applied  to  a  continuous  medium 
such  as  the  aether  must  be  postulated  to  be.  When  the 
motions  of  some  specified  physical  body  are  mathematically 
investigated,  this  body  'must  be  replaced  in  imagination  by 
some  object  which  can  be  completely  defined.  It  is  usual  to 
assert  that  all  material  media  possess  atomic  or  molecular 
structure,  and  this  being  assumed  to  be  so,  it  is  first  necessary 
to  try  to  state  in  what  way  a  molecule  or  atom  can  be  repre- 
sented so  as  to  be  capable  of  mathematical  treatment.  A 
molecule  or  an  atom  may  be  regarded  as  having  a  certain 
quantity  of  energy  associated  with  it,  this  energy  being  ex- 
pressed in  terms  of  a  number  of  coordinates  which  are  such 
that  all  possible  variations  of  the  energy  can  be  taken  account 
of  by  varying  these  coordinates.  A  complete  representation 
of  this  kind  has  still  to  be  obtained,  but  it  would  appear  that 
in  a  large  number  of  cases  of  motions  of  material  bodies  the 
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following  representation  is  sufficiently  accurate.  The  position 
of  the  molecule  or  atom  in  space  at  any  time  may  be  supposed 
to  be  identified  with  that  of  some  point  whose  coordinates 
are  x^  y,  z,  the  axes  of  reference  being  the  fixed  axes  of 
theoretical  dynamics.  The  energy  associated  with  the  molecule 
or  at(3m  may  be  supposed  to  consist  of  three  parts,  a  part 
depending  on  the  velocity  of  the  point  which  determines  the 
position  ol"  the  molecule  or  atom  and  which  is  \m  {u^  +  v^  +  t^^), 
where  u,  v,  w  are  the  component  velocities  of  the  point  and  in 
is  a  mass  coefficient,  a  part  which  is  a  function  of  x,  y,  z  and 
of  the  coordinates  of  the  points  which  determine  the  positions 
of  any  other  molecules  or  atoms  which  may  be  present,  and  a 
part  which  is  a  function  of  other  coordinates  not  in  evidence  ; 
this  latter  part  must  be  supposed  to  be  invariable  as  must  also 
the  coefficients  of  the  second  part,  it  being  conceivable  that 
these  coefficients  may  be  functions  of  the  other  coordinates 
which  are  not  in  evidence. 

A  material  medium  may  be  Regarded  as  an  aggregate  of 
molecules  or  atoms,  and  the  mathematical  theory  of  such 
material  media  can  then  be  developed  from  the  following 
assumptions : — 

The  matter  which  occupies  any  finite  volume  of  space  is 
regarded  as  being  constituted  by  an  aggregate  of  molecules. 

The  motion  of  each  molecule  can  be  represented  by  that 
of  a  moving  point. 

The  effect  of  all  other  motions,  whether  they  are  motions 
of  the  molecules  which  cannot  be  represented  by  moving  points 
or  motions  which  do  not  belong  to  molecules,  can  be  represented 
by  a  potential  energy  function  or  by  a  system  of  forces  associated 
with  each  molecule,  this  function  or  system  of  forces  depending 
only  on  the  positions  of  the  molecules ;  and  this  includes  the 
case  in  which  the  effect  of  these  other  motions,  instead  of  being 
immediately  represented  by  a  system  of  forces  associated  with 
each  molecule,  is  represented  by  restrictions  on  the  possible 
motions  of  the  molecules. 
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The  Lagrangian  method  is  applicable  to  the  motions  of  the 
system. 

The  kinetic  energy  of  a  molecule  is  then  represented  by 
^m  (w*  4-  v*  -H  yj'X  where  u,  v,  w  are  the  component  velocities  of 
the  point  whose  motion  represents  the  motion  of  the  molecule, 
and  m  is  the  mass  belonging  to  the  molecule.     The  kinetic 

energy  of  the  aggregate  is  represented  by   S    ^niun-^Vn^-^y^n), 

»=i 

where  the  suffix  n  identifies  a  particular  molecule  and  the 
summation  extends  to  all  the  molecules,  there  being  N  of  them. 
Similarly,  the  potential  energy  of  the  aggregate  is  represented 

by   S   ninVn,  or  the  work  done  by  the  systems  of  forces,  which 

represent  the  effect  of  the  other  motions,  is 

n  =  N 
n  =  l 

for  small  arbitrary  displacements  of  the  molecules.  The 
application  of  the  Lagrangian  method  will  then  lead  to 
SN  equations  involving  in  addition  to  the  SN  coordinates, 
which  specify  the  positions  of  the  molecules,  as  many  un- 
determined multipliers  as  there  are  relations  specifying 
restrictions  on  the  possible  motions  of  the  molecules,  and  these 
undetermined  multipliers  specify  the  systems  of  forces  which 
are  e(juivalent  to  the  restrictions  on  the  possible  motions  of  the 
molecules.  When  these  SN  equations,  the  equations  restricting 
the  motions  of  the  molecules  being  taken  into  account,  have 
been  solved,  the  positions  and  motions  of  the  molecules  at  any 
time  are  expressed  in  terms  of  their  positions  and  motions  at  a 
particular  time,  and  the  complete  history  of  the  motions  can  be 
traced.  In  general  the  number  of  dependent  variables  occurring 
in  any  one  of  the  equations  will  be  great,  and  the  solution  of 
the  equations  will  be  practically  impossible,  but,  if  the  equations 
form  a  set  of  groups  such  that  the  number  of  dependent 
variables  occurring  in  the  equations  of  a  group  is  equal  to  the 
number  of  equations  in  the  group,  and  this  number  is  not  too 
large,  the  solution  of  the  equations  becomes  more  possible, 
the  simplest  case  being  that  in  which  the  groups  are  exactly 
M.  E.  w.  10 
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alike.  The  most  important  case  is  that  in  which  the  discrete 
analysis  sketched  above  can  be  replaced  by  a  continuous 
analysis.  If  a  surface  be  drawn  enclosing  a  simply-connected 
space  in  which  there  is  a  number  of  molecules,  the  ratio  of  the 
mass  of  the  molecules  inside  this  surface  to  the  volume  enclosed 
by  it  may  be  termed  the  average  density  of  the  aggregate  of 
molecules  inside  the  surface.  Now  let  such  a  surface  surround- 
ing the  point  0  be  contracted  so  that  the  volume  enclosed  by  it 
is  diminished,  the  average  density  inside  the  surface  will  tend 
towards  a  limit  p  so  long  as  the  least  linear  dimension  of  the 
volume  enclosed  is  not  less  than  a  certain  length  depending  on 
the  distance  between  two  adjacent  molecules,  but  will  after- 
wards depart  altogether  from  that  limit*.  This  limit  p  may  be 
termed  the  density  at  the  point  0,  and  will  be  a  function  of  the 
position  of  0,  such  that  fffp  dxdydz  taken  throughout  any 
volume  differs  from  the  sum  of  the  masses  of  the  molecules  in 
that  volume  by  a  mass  which  is  less  than  some  standard  small 
mass.     By  an  exactly   similar  process  of  reasoning  it  may  be 

n  =  N 

shewn  that  the  expression    2   ^m„  {ur^  4-  Vn  +  '^n)  for  the  kinetic 

n  =  \ 

ene  rgy  may  be  replaced  by  the  expression 

jJS\p  {u"  +  v^  +  w')  dxdydz, 

where  the  integral  is  taken  throughout  the  volume  occupied  by 
the  aggregate  of  molecules,  this  integral  differing  from  the  sum 
by  a  quantity  which  is  less  than  some  standard  small  kinetic 
energy.  These  remarks  also  apply  to  the  potential  energy 
function  or  the  systems  of  forces  associated  with  the  molecules, 
which  represent  the  effect  of  all  the  other  motions  which  may 
exist.  In  the  discrete  analysis  the  suffixes  n  serve  to  identify 
the  molecules.  In  order  then  that  the  equations  of  motion 
obtained  by  the  application  of  the  Lagrangian  method  in  the 
continuous  analysis  may  legitimately  replace  the  equations  of 
motion  in  the  discrete  analysis,  the  assumption  must  be  made 
that  throughout  its  motion  any  point  x,  y,  z  is  always  identified 
with  the  same  bit  of  matter,  and,  when  the  system  under 
consideration  is  being  regarded  as  an  aggregate  of  molecules, 
*  The  limit  is  not  actually  attained. 
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this  requires  the  following  condition  to  be  satisfied.  If  a  surface 
be  drawn  passing  through  a  number  of  points  which  specify  the 
positions  of  molecules,  and  this  surface  move  with  the  molecules, 
no  molecule  which  is  initially  on  one  side  of  this  surface  ever 
comes  to  be  on  the  other  side  of  it.  This  may  be  expressed  by 
saying  that  the  order  of  arrangement  of  the  molecules  does 
not  change.  When  the  above  conditions  are  satisfied,  the 
Lagrangian  method  can  be  applied,  and  in  this  way  a  group 
of  equations  is  derived,  this  group  being  typical  of  all  the 
equations  of  motion  of  the  molecules.  The  media  for  which 
the  Lagrangian  function  is  of  the  kind  specified  above,  and  to 
which  the  operations  of  mathematical  analysis  are  applicable, 
will  then  consist  of  aggregates  of  molecules,  for  which  the  order 
of  the  arrangement  of  the  molecules  does  not  change,  and 
which  are  such  that  the  distance  between  any  two  adjacent 
molecules  is  very  small. 

The  "  rigid  body  "  of  mathematical  theory  satisfies  all  the 
above  conditions,  for  the  distance  between  any  two  molecules 
of  the  aggregate  which  constitutes  the  body  is  assumed  to 
be  invariable,  and  therefore  the  order  of  arrangement  of  the 
molecules  does  not  change.  When  the  aggregate  of  molecules 
is  such  that  the  distance  between  any  two  neighbouring 
molecules  can  vary,  but  only  to  a  small  extent,  and  the 
distance  between  any  two  adjacent  molecules  is  very  small, 
the  aggregate  constitutes  what  is  termed  an  "elastic  solid." 
When  the  system  of  forces  or  the  potential  energy  function 
associated  with  each,  molecule  is  known,  it  being  assumed 
that  the  order  of  arrangement  of  the  molecules  does  not  alter, 
the  Lagrangian  method  can  be  applied,  and  the  resulting 
equations  will  determine  the  history  of  the  changes  which 
take  place.  The  system  of  forces  or  the  potential  energy 
function  associated  with  each  molecule  will  consist  of  two  parts, 
of  these  one  is  determined  by  the  changes  in  the  distances 
between  the  molecules,  the  other  must  be  supposed  to  be  given 
as  in  the  case  of  the  rigid  body.  The  first  object  of  discovery 
is  then  the  system  of  forces  or  the  potential  energy  function 
associated  with  each  molecule,  which  arises  from  the  change  in 
the  distances  between  the  molecules.    Two  methods  of  effecting 

10—2 
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this  have  been  proposed.  The  first  of  these,  due  to  Navier 
and  developed  by  Poisson,  Cauchy  and  St  Venant,  consists  in 
assuming  that  the  effect  of  the  molecules  on  each  other  can  be 
represented  by  forces  between  them,  the  force  between  any  two 
depending  only  on  their  distance  apart,  and  the  direction  of 
this  force  being  that  of  the  line  joining  them.  The  processes 
by  which  the  stresses  are  then  expressed  in  terms  of  the  strains, 
involve  the  assumptions  that  the  order  of  arrangement  of  the 
molecules  does  not  change  and  that  the  constitution  of  a 
molecule  remains  the  same,  that  is,  that  during  the  displace- 
ments the  molecules  are  not  broken  up  and  then  formed  into 
new  molecules.  These  stresses  possess  a  work  function,  and, 
when  the  medium  is  isotropic,  this  function  involves  only  one 
constant.  The  other  method  of  obtaining  the  stresses  is  due  to 
Green  and  consists  in  assuming  that  the  stresses  possess  a  work 
function,  this  function  being  expressible  in  terms  of  the  strains. 
The  application  of  the  Lagrangian  method  then  leads  to 
equations  which  are  sufficient  for  the  determination  of  all  the 
circumstances  of  the  changes  which  take  place  ;  but  in  order 
that  the  work  function  should  be  of  the  form  assumed  and  that 
the  Lagrangian  method  should  be  applicable,  it  is  necessary  to 
assume  that  the  order  of  arrangement  of  the  molecules  does  not 
change  and  that  the  molecules  do  not  break  up  during  the 
displacements.  When  the  medium  is  isotropic,  Green's  work 
function  involves  two  constants,  and  the  distinction  between 
his  theory  and  that  of  Navier  is  that  on  Green's  theory  the 
intermolecular  forces  cannot  be  represented  by  forces  between 
pairs  of  molecules,  the  magnitude  of  the  force  between  a  pair 
depending  only  on  the  distance  between  them.  It  would  appear 
from  the  investigations  of  Chapter  viil.  above  that,  if  inter- 
molecular forces  be  assumed  to  be  of  electrical  origin,  the 
force  which  represents  the  effect  of  a  molecule  on  any  other 
molecule  is  not  necessarily  a  function  of  the  distance  between 
the  two,  but  the  forces,  from  the  way  in  which  they  are  derived, 
would  possess  a  work  function,  so  that  a  work  function  of  the 
form  assumed  by  Green  is  possible.  The  question,  whether 
Navier's  theory  or  Green's  furnishes  the  best  representation  of 
the  phenomena,  has  been  much  discussed,  and  attempts  have 


i 


\ 


APP.  B.]  CONTINUOUS  MEDIA  149 

been  made  to  decide  the  question  by  an  appeal  to  experiment, 
but  the  evidence  from  statical  experiments  cannot  be  accepted 
for  a  reason  which  will  appear  later.  One  of  the  strongest 
arguments  in  favour  of  Green's  form  of  the  work  function  is 
that  it  is  the  most  general  one,  which  permits  of  the  applica- 
tion of  the  methods  of  mathematical  analysis,  and  is  such  that 
the  parts  of  the  medium  are  in  a  state  of  relative  rest  when 
there  is  no  external  system  of  forces. 

In  the  above  the  idea,  that  a  molecule  is  itself  composite, 
has  been  introduced,  and  it  is  important  to  inquire  what  the  re- 
strictions are  under  which  the  aggregates  of  atoms,  each  molecule 
being  now  thought  of  as  consisting  of  an  aggregate  of  atoms, 
can,  in  the  application  of  the  methods  of  mathematical  analysis, 
be  replaced  by  the  aggregate  of  molecules.  If  each  one  of  the 
atoms  in  the  aggregate  of  atoms  which  constitutes  any  molecule 
is  describing  an  orbit,  which  is  periodic  relative  to  some  point 
X,  2/,  z,  this  point  defining  the  position  of  the  molecule  relative 
to  the  other  molecules,  the  position  of  any  atom  at  any  time  is 
specified  by  the  coordinates  a?  +  f ,  y  +  ?;,  ^  +  f.  The  equations 
of  motion  of  the  whole  system  will  then  be  contained  in  the 
variational  equation 

ttm{x->t'i)hx-{- ...  +  ...  +2Sm(^  +  ^)Sf +  ...  +  ... 

^lXmXhx+  ...  +...+SSm=S^+. ..  +  ..., 

where  m  is  the  mass  of  an  atom,  and  the  summations  are  taken 
for  all  the  atoms  in  each  molecule  and  then  for  all  the  molecules. 
If  from  these  equations  all  the  coordinates  x,  y,  z  be  eliminated, 
there  will  result  equations  from  which  the  differences  f i  —  fg* 
Vi  —  Viy  ?!  —  ?2,  of  the  coordinates  f,  ?;,  f  can  be  determined. 
The  integrals  of  these  equations,  the  orbits  of  the  atoms,  relative 
to  the  points  specified  by  the  coordinates  x,  y,  z,  being  all 
periodic,  will  be  of  the  form 

?i  -  ^2  =  2^, cos  ^^  +  a,j  ; 

whence  it  may  be  assumed  that 

f=Sf,  cos  f-^-f  a»J. 
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Now  the  coordinates  x,  y,  z  can  always  be  chosen  so  that 
they  do  not  involve  parts  which  are  periodic  in  any  of  the 
periods  Tg,  and  when  the  above  expressions  for  ^,  77,  \^  are 
supposed  to  be  substituted  in  the  variational  equation,  it  will 
take  the  form 

%Mxhx\  ...  +  ...=%MX'lx-^  ...  +  ... , 

where  M  is  the  mass  belonging  to  a  molecule.  In  this  equation 
X\  Y\  Z'  will  represent  the  systems  of  forces  associated  with 
each  molecule,  provided  that  neither  the  part  of  them,  which 
arises  from  intermolecular  action,  nor  the  part,  which  does  not 
arise  from  such  action,  involves  a  term  which  is  periodic  in 
any  of  the  periods  T^.  The  aggregates  of  atoms  can  therefore, 
in  the  application  to  them  of  the  methods  of  mathematical 
analysis,  be  replaced  by  the  aggregate  of  molecules  when  the 
following  conditions  are  satisfied. 

Each  atom  in  a  molecule  describes  an  orbit  which,  relative 
to  some  point  defining  the  position  of  the  molecule  to  which  it 
belongs,  is  periodic*,  and  the  system  of  forces  associated  with 
each  molecule,  which  does  not  arise  from  action  between  the 
molecules,  does  not  contain  a  part  which  is  periodic  in  any 
of  the  periods  belonging  to  the  orbits  of  the  atoms.  Further, 
when  these  conditions  are  satisfied,  the  part  of  the  inter- 
molecular forces,  which  is  effective  in  respect  of  the  positions 
of  the  molecules,  is  the  part  which  is  independent  of  the 
periods  belonging  to  the  orbits  of  the  atoms. 

When  forces,  which  represent  the  effect  of  moving  systems 
other  than  the  aggregates  of  atoms,  act  on  the  atoms,  the  course 
of  events  can  be  represented  as  follows ;  if  no  part  of  these 
external  forces  is  periodic  in  any  of  the  periods  of  the  orbits  of 
the  atoms,  they  are  equilibrated  by  the  motional  forces  of  the 
molecules  and  the  part  of  the  intermolecular  forces  which  is  not 
periodic  in  any  of  the  periods  of  the  orbits  of  the  atoms.  Their 
effect,  in  the  first  instance,  will  be  to  change  the  relative 
distances  of  the  molecules;  this  change  produces  a  change  in 
the  part  of  the  intermolecular  forces  which  is  periodic  in  the 
periods  of  the  orbits  of  the  atoms,  and  to  balance  this  the 
*  Such  an  orbit  is  not  necessarily  closed. 
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dimensions  of  the  orbits  of  the  atoms  are  changed.  The  extent 
to  which  the  dimensions  of  the  orbits  of  the  atoms  can  be 
changed  is  limited  by  the  condition  that  the  displaced  orbits 
must  be  stable,  and  the  changes  in  the  orbits  of  all  the  atoms 
belonging  to  a  molecule  will  be  related  in  such  a  way  that  there 
is  no  radiation  of  energy  from  it. 

When  there  are  external  forces  which  are  periodic  in  the 
periods  of  the  orbits  of  the  atomi*,  an  analysis  which  only  takes 
account  of  an  aggregate  of  atoms  will  not  be  applicable;  a  finer 
analysis,  which  shall  take  account  of  the  atoms  whose  orbits 
have  among  their  periods  the  periods  of  the  external  forces, 
must  be  used. 

Again,  the  external  forces  may  be  such  that  an  analysis 
which  takes  account  of  each  molecule  is  unnecessary,  and  a 
coarser  analysis  which  only  takes  account  of  compound  mole- 
cules, each  compound  molecule  being  made  up  of  a  number  of 
molecules,  is  sufficient. 

In  every  case  the  range,  throughout  which  the  continuous 
analysis  will  be  applicable,  is  determined  by  the  conditions  that 
the  units,  whose  motions  are  taken  into  account,  whether  these 
units  are  compound  molecules,  molecules,  or  atoms,  do  not  change 
their  order  of  arrangement,  and  that,  if  they  are  composite,  they 
do  not  break  up.  The  work  done  by  the  external  forces  is  all 
accounted  for  by  the  changes  in  the  positions  and  in  the  motions 
of  the  units,  and  therefore  a  continuous  analysis  is  only  strictly 
applicable  to  an  aggregate  of  molecules  or  atoms,  when  the 
changes  which  take  place  are  such  that  no  energy  is  gained  or 
lost  in  the  form  of  heat  or  any  other  form  which  is  not  taken 
account  of  by  the  changes  in  the  positions  and  motions  of  the 
molecules  or  atoms. 

The  possibility  of  applying  continuous  analysis  to  an  elastic 
solid  therefore  requires  that  the  changes  which  take  place  in  it 
shall  take  place  adiabatically.  When  the  elastic  solid  is 
executing  small  vibratory  motions,  this  is  probably  true,  and 
in  this  case  continuous  analysis  can  be  applied  to  it.  When 
an  elastic  solid  passes  from  one  state  of  strain  to  another  by  the 
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application  of  external  forces,  the  changes  taking  place  in  such 
a  way  that  a  continuous  analysis  is  applicable,  the  intrinsic 
energy  of  the  molecules  will  be  altered,  and,  if  there  are  no 
other  influences  present,  the  temperature  of  the  body  will  be 
different  in  the  two  states.  In  any  actual  case  the  body 
is  surrounded  by  some  other  medium,  and  the  initial  state 
of  the  body  is  one  of  equilibrium  relative  to  its  surroundings ; 
the  state  arrived  at  after  the  changes  have  taken  place  adia- 
batically  will  not  be  one  of  equilibrium  relative  to  its  surround- 
ings, to  attain  a  state  of  equilibrium  a  transference  of  energy 
will  take  place  between  the  body  and  the  surrounding  medium. 
This  transference  of  energy,  supposed  to  take  place  in  such 
a  way  that  a  continuous  analysis  is  still  applicable,  ought  to  be 
taken  account  of  in  the  equations  which  give  the  history  of  the 
changes,  and  the  result  would  be  the  introduction  into  these 
equations  of  a  system  of  forces  which  would  represent  the  effect 
of  the  surrounding  medium.  For  example,  when  the  Young's 
modulus  of  any  material  is  determined  by  stretching  a  wire 
made  of  this  material  by  a  weight  attached  to  it,  the  work  done 
by  the  weight  is  not  all  used  up  in  stretching  the  wire,  some  of 
it  is  used  in  altering  the  condition  of  the  surrounding  medium, 
and  therefore  the  Voung's  modulus  of  the  material  so  determined 
will  differ  from  the  true  one. 

When  an  aggregate  of  molecules  is  such  that  the  molecules 
can  move  freely  and  the  distance  between  any  two  adjacent 
molecules  is  very  small,  the  aggregate  forms  what  is  termed 
a  fluid.  As  in  the  case  of  an  elastic  solid  a  continuous 
analysis  will  only  be  applicable  when  the  molecules  move  in 
such  a  way  that  their  order  of  arrangement  does  not  alter  and 
no  energy  is  gained  or  lost  in  the  form  of  heat.  Since  the  order 
of  arrangement  of  the  molecules  does  not  alter,  the  same  mole- 
cules will  always  be  at  the  boundary,  no  molecule  which  is  not 
originally  at  the  boundary  will  ever  come  there,  and  no  molecule 
which  is  originally  at  the  boundary  will  ever  cease  to  be  there. 
Further,  if  at  a  definite  time  4  a  certain  number  of  molecules 
occupy  an  element  of  volume  at  the  point  Xq,  y^,  z^,  this  point 
defining,  for  the  purposes  of  continuous  analysis,  the  position  of 
these  molecules,  the  same  molecules  will  at  a  time  t  occupy  an 
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element  of  volume  at  the  point  x,  y,  z,  where  this  point  defines 
the  position  of  the  same  molecules  at  the  time  t,  and  therefore, 
the  mass  belonging  to  the  molecules  being  unalterable,  the 
relation 

will  be  satisfied  at  each  point  of  the  space  occupied  by  the 
fluid.  This  relation  expresses  the  correspondence  which  exists 
between  the  spaces  occupied  by  the  fluid  at  two  different  times, 
in  consequence  of  the  restriction  on  the  possible  motions  of  the 
molecules.  If  the  forces  which  represent  the  effect  of  other 
systems  on  the  aggregate  of  molecules  possess  a  work  function, 
the  Lagraugian  function  of  the  motions  will  have  the  form 

///  [hp  {i^-¥f  +  e)-pV]  dxdydz. 
For  a  liquid  p  =  p^,  p^  being  a  constant  for  a  homogeneous  liquid 
and  a  known  function  of  Xq,  3/0,  Zq,  for  a  heterogeneous  liquid. 
The  relation,  which   expresses  the  restriction  on  the  possible 
motions  of  the  molecules  of  the  liquid,  is 

9(^0,^0,-3^0) 
and  the  application  of  the  Lagrangian  method  gives 

^\''  \\\[\p{x''-\-f  +  z')-pV']dxdydzdt  =  0, 
subject  to  the  above  relation,  that  is 

where  k  is  an  undetermined  function  of  x,  y,  z. 
This  is  equivalent  to 

p,{xU  +  yhy  +  zhz--hV)  +  Kh^^^^^^^^^. 

.  dxodyodzodt  =  0, 


Ull 


that  is, 


jji  p  i^S^  dxdydz  I     +1     1 1  IxBxdSdt 


+  ... 


-0i[ 


/aa?  +  p  -^  +  ^    5a;  dxdydzdt 


+  ...  +  ...=0. 
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The   quadruple   and   the   triple  integrals  must  separately 
vanish  ;  that  the  quadruple  integrals  may  vanish,  the  equations 

dV  Bk  . 
P'  +  PTz+d'z  =  ^' 
must  be  satisfied  throughout  the  space  occupied  by  the  liquid 
at  any  time,  and  the  equations  which  result  from  the  vanishing 
of  the  triple  integrals  give  the  dynamical  conditions  satisfied 
at  the  boundary  at  any  time,  the  form  of  these  conditions 
depending  on  the  nature  of  the  boundary.  The  function  k 
which  occurs  in  these  equations  represents  the  internal  system 
of  forces  which  arises  from  the  restrictions  on  the  motions  of 
the  molecules  and  is  known  as  the  pressure.  There  are  two 
kinds  of  possible  motions  of  a  liquid ;  the  motions  which  can  be 
generated  by  external  conservative  forces,  and  the  motions  which 
cannot  be  so  generated.  In  the  first  of  these  the  motion  is 
what  is  termed  irrotational  and  in  the  second  rotational  or  vortex 
motion.  The  possibility  of  applying  continuous  analysis  to 
the  motions  of  a  liquid  involves  the  result  that  vortex  motion 
is  always  associated  with  the  same  molecules.  Further,  every 
motion  of  a  liquid  due  to  external  causes  can  be  represented  as 
the  effect  of  a  vortex  sheet,  whose  surface  is  the  boundary  of 
the  liquid  to  which  the  continuous  analysis  is  applicable.  The 
representation  can  also  be  effected  in  terms  of  other  distributions 
of  vortex  motion  external  to  the  liquid ;  for  example,  when  a 
portion  of  the  liquid  is  in  a  state  of  motion  which  is  not 
necessarily  capable  of  being  treated  by  a  continuous  analysis, 
the  effect  of  this  portion  on  the  remainder  of  the  liquid, 
supposed  to  l^e  moving  in  such  a  way  that  a  continuous  analysis 
is  applicable  to  it,  can  be  represented  by  a  distribution  of 
vorticity  throughout  the  first  portion,  but  it  cannot  be  thence 
inferred  that  this  vortex  motion  constitutes  a  geometrical 
representation  of  what  is  going  on  in  this  first  portion  of  the 
liquid.  When  an  actual  liquid  is  in  contact  with  an  actual 
solid,  in  passing  from  the  solid  to  the  liquid  a  transition  is  made 
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from  a  place  where  the  molecules  are,  relatively  to  each  other, 
approximately  immobile,  to  a  place  where  the  molecules 
approximate  to  a  condition  of  perfect  mobility.  The  nature 
of  the  forces  which  hold  the  molecules  together  will  therefore, 
throughout  a  certain  space  in  the  neighbourhood  of  the  surface 
of  the  solid,  change  their  character;  in  the  solid  they  will  be 
of  a  nature  similar  to  that  of  the  internal  forces  in  the 
theoretical  elastic  solid,  and  in  the  liquid,  at  some  distance 
from  the  surface,  they  will  be  capable  of  being  represented  by 
a  pressure;  in  the  portion  of  the  liquid  in  the  immediate 
neighbourhood  of  the  solid  they  cannot  be  so  represented. 
The  continuous  analysis  which  is  applicable  to  the  motions  of 
the  theoretical  liquid  cannot  be  applied  to  this  portion,  but  the 
effect  of  the  solid  and  of  this  portion  of  the  liquid  on  the  portion 
of  the  liquid  to  which  the  continuous  analysis  can  be  applied, 
can  be  represented  as  being  due  to  a  vortex  sheet  whose  surface 
is  the  boundary  of  that  portion  of  the  liquid  to  which  the 
analysis  is  not  applicable.  If  this  surface  can  be  taken  so  near 
to  the  solid  that  the  distance  of  any  point  in  it  from  the  surface 
of  the  solid  is  so  small  as  to  be  negligible,  the  condition 
to  be  satisfied  at  the  surface  of  the  solid  will  be  that 
the  velocities  of  the  solid  and  of  the  liquid  normal  to  this 
surface  are  continuous.  When  a  solid  is  moving  through  a 
liquid  such  as  water,  which  may  be  taken  to  be  perfectly  mobile, 
the  portion  of  the  liquid  in  the  neighbourhood  of  the  solid, 
throughout  which  the  internal  forces  cannot  be  represented  by 
a  pressure,  will  be  bounded  by  a  surface  very  near  to  the  solid, 
provided  the  velocity  of  the  solid  relative  to  the  liquid  at  some 
distance  from  it  is  not  too  great ;  therefore  a  sufficiently  good 
representation  of  the  motion  will  be  obtained  by  taking  the 
above  condition  to  be  that  which  is  satisfied  at  the  boundary  of 
the  solid,  and  this  representation  will  be  consistent  with  the 
fact  that  no  slipping  takes  place  at  the  surface  of  the  solid, 
the  transition  from  the  solid  to  the  liquid  being  supposed 
to  take  place  in  a  thin  layer  whose  thickness  is  negligible. 
When  one  liquid  is  in  contact  with  another,  there  will  be  a 
transition  layer  throughout  which  the  internal  forces  cannot 
be  represented  by  a  pressure ;  as  in  the  previous  case,  provided 
the  velocity  of  the  one  liquid  relative  to  the  other  is  not  too 
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great,  this  transition  layer  can  be  taken  to  be  very  thin, 
and  its  effect  can  be  represented  by  supposing  a  vortex  sheet 
to  coincide  with  the  surface  of  separation  of  the  liquids.  The 
motions  of  jets  and  of  heterogeneous  liquids  belong  to  this  class. 
In  a  liquid  the  condition,  that  the  same  molecules  always 
occupy  an  element  of  volume  of  the  same  size,  determines  the 
nature  of  the  internal  constraint,  that  it  can  be  represented  by 
a  pressure.     In  a  fluid  this  condition  does  not  hold  ;  the  relation 

d{x,y,z) 
d{ooo,yo,JZo) 
only  expresses  the  fact  that  the  distribution  of  the  molecules 
is  always  such  that  the  distance  between  any  two  adjacent 
molecules  is  very  small  and  that  the  total  number  of  molecules 
is  unalterable ;  the  nature  of  the  internal  forces  cannot  be 
determined  from  this  relation.  It  has  to  be  assumed  that  the 
internal  forces  in  a  fluid  are  of  the  same  kind  as  in  a  liquid, 
and  that  they  can  be  represented  by  a  pressure,  the  existence 
of  internal  forces  in  the  nature  of  shearing  stresses  being 
incompatible  with  the  idea  of  perfect  mobility.  This  assumption 
having  been  made,  it  is  further  necessary,  in  order  that  the 
transformation  of  the  function 

Ifflkp  (^^  -\-y^-\-2;^)'-pV+  /c]  dxdydz 
from  the  space  occupied  by  the  fluid  at  time  t  to  the  space 
occupied  by  it  at  time  ^o  can  be  performed,  that  k  should  be  a 
function  of  p  only.  When  this  further  condition  is  satisfied, 
the  variation  can  be  performed,  and  the  equations  of  motion 
are  the  same  as  in  the  case  of  a  liquid,  so  that  the  statements 
made  above  concerning  the  motions  of  liquids  apply  equally  to 
the  motions  of  fluids.  Just  as  in  the  case  of  the  elastic  solid, 
the  application  of  continuous  analysis  to  obtain  the  equations 
of  motion  involves  the  assumption  that  the  changes  which 
take  place  in  the  fluid  take  place  adiabatically.  Thus,  it  being 
assumed  that  a  continuous  analysis  can  be  applied  to  determine 
the  circumstances  of  the  propagation  of  waves  of  sound,  the 
law  connecting  pressure  and  density  must  be  taken  to  be  the 
adiabatic  law. 

When  a  mass  of  fluid  is  in  motion,  the  course  of  events 
may  be  such  that  the  fluid,  supposed  initially  to  occupy  a 
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space  bounded  by  one  closed  surface,  tends  to  divide  itself 
into  two  separate  portions,  each  occupying  a  space  bounded 
by  a  closed  surface.  It  is  at  once  clear  that  a  continuous 
analysis  cannot  be  applied  to  trace  the  history  of  the  changes 
that  take  place  while  the  fluid  passes  from  the  state  in  which 
it  consists  of  one  portion,  to  the  state  in  which  it  consists  of 
two  portions,  as  during  the  transition  the  distances  between  some 
pairs  of  previously  adjacent  molecules  will  become  sensible.  The 
mathematical  functions,  which  express  the  circumstances  of  the 
motion,  will  become  discontinuous  as  the  instant  of  separation 
is  approached,  and  will  thus  determine  the  limits  up  to  which 
a  continuous  analysis  can  be  applied,  but  it  is  probable  that 
the  analysis  ceases  to  be  applicable  some  time  before  this  limit 
is  reached,  owing  to  change  in  the  order  of  arrangement  of  the 
molecules.  A  somewhat  similar  state  of  affairs  exists  when 
plane  waves  of  condensation  and  rarefaction,  the  amplitude  of 
these  waves  being  finite,  are  being  propagated  through  an 
elastic  fluid.  The  mathematical  expressions  which,  in  this 
case,  specify  the  course  of  events  can  be  obtained.  If  u  denote 
the  velocity  and  y  the  position  of  a  molecule  of  the  fluid  at 
time  ty  the  relation  is 

u  =  f{y-{a  +  u{\+^)l2)t], 

where  7  is  the  ratio  of  the  specific  heats  of  the  fluid  and  a  is 
the  velocity  of  propagation  of  waves  of  small  amplitude.  From 
this  it  appears  that,  as  the  wave  advances,  the  condensation  in 
one  part  of  the  wave  and  the  rarefaction  in  another  part  of  the 
wave  increase  without  limit ;  the  above  expression  will  there- 
fore cease  to  represent  what  is  going  on  in  an  actual  fluid  some 
time  before  the  expression  becomes  discontinuous,  either  because 
the  distance  between  adjacent  molecules  in  the  rarefied  part  of 
the  fluid  has  become  sensible,  or  because  the  law  connecting 
pressure  and  density  no  longer  represents  the  internal  changes,, 
whichever  of  the  two  should  first  happen. 

From  the  above  discussion  of  material  media  it  would 
appear  that  the  process  known  as  "  treating  them  as  continu- 
ous" is  one  of  approximation,  the  limits  of  accuracy  of  the 
approximation  depending  on  the  distances  between  adjacent 
pairs  of  molecules ;  and  the  comparison  of  the  results  of  obser- 
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vation  and  theory  shews  that,  within  limits,  the  treatment  gives 
sufficiently  accurate  results.  If,  instead  of  being  regarded  as  a 
method  of  approximation  suitable  for  the  treatment  of  material 
media,  the  above  analysis  be  regarded  as  representing  the 
changes  which  take  place  in  a  truly  continuous  medium  the 
assumption  is  involved  that  the  notion  of  mass  can  be  trans- 
ferred from  a  material  medium  to  a  truly  continuous  medium  ; 
but,  as  associated  with  a  truly  continuous  medium,  this  notion 
involves  the  actual  attainment  of  the  limit  p  for  the  "  density  at 
a  point "  (cf  p.  146,  supra)  and  it  further  involves  the  assumption 
of  the  existence  at  each  point  of  a  vector  u,  v,  w  in  terms  of 
which  the  kinetic  energy  of  the  continuous  medium  can  be 
represented  by  an  expression  of  the  form 

Illip  (^'  +  v'  +  w')  dxdydz. 

A  continuous  medium  which  is  such  that  its  kinetic  energy  can 
be  represented  in  this  way  is  not  of  the  most  general  type  of 
continuous  medium  conceivable.  To  distinguish  it  from  other 
possible  continuous  media  such  a  medium  may  be  said  to 
possess  atomic  structure.  It  has  been  seen  that,  when  a 
material  medium  is  in  motion  subject  to  the  laws  of  dynamics, 
the  condition  that  the  medium  should  continue  to  exist  as 
a  medium  to  which  continuous  analysis  can  be  applied 
requires  restrictions  to  be  placed  on  the  possible  motions. 
These  restrictions  have  to  be  provided  for  by  the  existence  of 
internal  forces  in  the  medium,  such  internal  forces  not  being 
forces  of  motion  of  the  medium.  The  question  then  naturally 
arises,  what  is  the  origin  of  these  internal  forces  ?  Two  answers 
can  be  given  to  this  question,  that  these  internal  forces  are 
inherent  in  the  medium,  or  that  they  are  due  to  the  motions 
of  some  other  medium  which  occupies  the  same  space.  The 
statement,  that  the  internal  forces  are  inherent  in  the  medium, 
is  equivalent  to  the  statement  that  their  origin  is  unknown. 
There  remains  then  the  hypothesis  that  the  internal  forces  of 
a  material  medium  are  due  to  the  motions  of  some  other  medium 
which  occupies  the  same  space.  In  view  of  the  fact  that  ex- 
perience of  physical  changes  is  confined  to  the  comparison  of 
motions  it  would  seem  natural  to  expect  that  the  energy  of  the 
ultimate  medium  is  all  kinetic  energy,  but  a  continuous  medium 
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which  possesses  atomic  structure  cannot,  in  virtue  of  its  own 
motions,  produce  any  effect  on  the  motions  of  a  material  medium 
occupying  the  same  space,  for  such  media,  so  far  as  their  motions 
are  concerned,  are  dynamically  independent  systems. 

It  follows  therefore  that,  if  the  internal  forces  of  a  material 
medium  are  due  to  the  presence  of  another  medium  in  the 
same  space,  this  other  medium  is  not  a  continuous  medium 
possessing  atomic  structure,  that  is,  its  kinetic  energy  is  not 
expressible  in  the  form  fff  ^p{u^-\-v^-^w^)dxdydz.  It  must 
therefore  be  a  continuous  medium  of  a  different  type.  That  a 
continuous  medium  may  exist  which  is  capable  of  providing 
the  necessary  internal  forces  in  a  material  medium  which  is 
imbedded  in  it  would  appear  to  follow  from  geometrical  con- 
siderations, for  a  continuous  medium  can  be  imagined  which  is 
such  that  there  is  no  point  in  it  which  is  not  affected  by  a 
change  taking  place  at  any  other  point  in  it.  The  laws  of 
motion  of  such  a  medium,  if  they  were  known,  would  be 
expressed  geometrically,  and,  in  order  to  submit  the  circum- 
stances of  the  motions  to  calculation,  it  may  be  assumed  that, 
although  these  laws  are  not  known,  the  motions  possess  a 
Lagrangian  function,  this  function  being  a  homogeneous 
quadratic  function  of  the  time  rates  of  variation  of  all  the 
coordinates  which  are  necessary  for  the  specification  of  the 
geometrical  changes  which  can  take  place  in  any  small  volume. 
It  need  not  be  assumed  that  this  Lagrangian  function  com- 
pletely represents  the  motions  of  the  aether;  it  is  sufficient 
to  assume  that  it  represents  the  effects  of  the  motions  of 
the  aether  so  far  as  they  affect  the  motions  of  arithmetically 
continuous  media.  This  is  the  assumption  that  has  been 
made  in  Chapter  v.  as  to  the  Lagrangian  function  of  the 
motions  of  the  aether,  and  it  has  been  shewn  there  that  the 
modified  Lagrangian  function,  which  is  arrived  at  in  the 
Faraday-Maxwell  theory  of  the  electrical  behaviour  of  the 
aether  and  which  involves  only  those  coordinates  whose  changes 
are  associated  with  electrical  effects  in  material  media,  is  con- 
sistent with  this  assumption.-  This  modified  Lagrangian  function 
is  the  analytical  representation  of  Faraday's  laws,  and  in  it 
the  axes  of  reference  of  the  motions  are  those  axes  for  which 
Faraday's  laws  are  accurately  true. 
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THE  ELECTRODYNAMICS  OF  MOVING  MEDIA. 

In  Chapter  ii.  the  equations  of  electrodynamics  were 
obtained  directly  from  Faraday's  laws,  and  these  equations 
involved  a  certain  vector  F,  G,  Hy  which  was  there  obtained 
in  terms  of  the   convection  currents.     It  was  remarked  that  1 

this   vector   F,   G,  H  differed   from    Maxwell's   electrokinetic  * 

momentum  by  a  vector  whose  components  are  the  differential 
coefficients  of  a  scalar  function.  Maxwell's  electrokinetic  mo- 
mentum is  defined  as  the  vector  whose  components  F,  G,  H  are 
double  the  coefficients  of  the  current  strength  in  the  expression 
for  the  electrical  energy.  The  application  of  the  ^Lagrangian 
method  will  therefore  give  equations  which  will  determine 
F,  G,  H  uniquely  and  the  result  will  put  in  evidence  the 
difference  between  the  F,  G,  H  which  are  the  components  of  m 

the  electrokinetic  momentum  and  the  F,  G,  H  of  Chapter  II. 
The  Lagrangian  function  of  the  motions  of  the  system,  which 
consists  of  the  aether  and  moving  electric  charges,  is 

hSH[F{f+u)  +  G{g-rv)-^H{h  +  w)-Xf-Yg-ZK\dxdydz 

+  i, 

where  F,  G,  H  are  the  components  of  the  electrokinetic 
momentum,  X,  F,  Z  are  the  components  of  the  electric  force, 
/,  g,  h  are  the  components  of  the  aethereal  electric  displace- 
ment, u,  V,  w  are  the  components  of  the  convection  current  at 
the  point  x,  y,  z,  and  L  is  the  part  of  the  Lagrangian  function 
which  is  independent  of  /,  g,  h,  the  axes  of  reference  being 
those  for  which  Faraday's  laws  are  accurately  true.     In  this 
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expression  the  coordinates  which  specify  degrees  of  freedom 
are  the  coordinates  /,  g,  h  belonging  to  the  aether  and  the 
coordinates  x,  y,  z  which  at  any  instant  of  time  define  the 
positions  of  the  moving  charges.  In  order  that  it  may  be 
possible  to  apply  the  methods  of  continuous  analysis,  the 
moving  charges  must  be  supposed  to  be  replaced  by  a  distri- 
bution of  volume-density  p  at  the  point  x,  y,  z,  such  that  p 
and  its  differential  coefficients  are  finite  and  continuous  every- 
where, and  it  will  appear  later  how,  after  the  equations,  which 
determine  the  history  of  the  changes,  have  been  integrated,  a 
transition  can  be  made  from  the  distribution  p  to  the  isolated 
charges.  The  relations  between  the  other  quantities,  which 
occur  in  the  Lagrangian  function,  and  the  coordinates  are 

(Z,  F,^)  =  47rFM/,5',^)  (1). 

,     ^     ,     (dH    dG     dF    dH    dG     dF\       ,-, 

{u,v,w)  =  p{x,y,  z)  (4), 

where  a,  /3,  7  are  the  components  of  the  magnetic  force  and  V 
is  a  constant.  Further  /,  g,  h  are  not  independent,  but  are 
subject  to  the  relation 

¥     ^9     ^h 

The  application  of  the  Lagrangian  method  gives  the  equation 

^\]\\\h[F{f+u)  +  G{g  +  v)^H{h  +  w) 

- Xf-  Yg - Zh]dxdydzdt -^ BL  =  0 (6), 

subject  to  the  relation  (5),  and,  introducing  the  undetermined 
multiplier  <^,  which  must  be  a  function  of  x,  y,  z  only  and  inde- 
pendent of  the  time,  this  becomes 

(S.  +  8.)  f'JjjU  {P(f+  u)  +  0(g  +  v)  +  H(,h  +  w) 

-  X/- 75,  -  Z^l  +  .^  jl  + 1  + 1  -  p}]  <tedyrfzd« 

+  U  =  0 (6'). 

M.  E.  W.  11 
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where  Sj  refers  to  variations  of  the  coordinates/,  g,  h,  and  82  to 
variations  of  the  coordinates  w,  y,  z  belonging  to  the  moving 
charges.  The  variations  h^  will  give  the  equations  belonging  to 
the  aether  and  the  variations  83  the  equations  belonging  to  the 
motions  of  the  moving  charges.  Taking  these  separately,  the 
part  which  gives  the  equations  to  be  satisfied  in  the  aether  is, 
remembering  the  relations  (1),  (2),  (3), 


/;:/// 


Flf-\-  Gig  +  Ehh  -  XBf-  YBg  -  ZBh 

dxdydzdt  =  0, 


^  \dx       dy       dz 


that  is,  integrating  by  parts, 
^1 


/// 


{Fhf+  GSg  +  IlSh)  dxdydz 


+  \     \\  <f>  {hfdydz  +  Bgdzdx  +  hhdxdy)  dt 

+  fz  +  ^^  +  1^)  Bh\  dxdydzdt  =  0. 


The  expression 

^\F8f-]-GBg  +  HBh)  dxdydz 


III 


vanishes  identically  on  account  of  the  conditions  under  which 
the  variations  are  performed.  The  remaining  triple  integral 
and  the  quadruple  integral  must  separately  vanish.  The  con- 
dition, that  the  triple  integral 

I  H  ^  Wdydz  +  hgdzdx  +  Bh  dxdy)  dt 

should  vanish,  requires  that  <f>  should  be  continuous  everywhere 
and  vanish  at  the  infinitely  distant  boundary.  The  condition, 
that  the  quadruple  integral  should  vanish,  requires  that  the 
equations 
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(7). 


should  be  satisfied  at  every  point. 

The    equations    of    motion    of    the    moving    charges    are 
given  by 


I II 


i  {F(f+  u)  +  0(g  +  v)  +  H(fi  +  w)l 


+  ^ 


dx     dy     dz      ^ 


dxdydzdt  -f  h^L  =  0, 


where  the  coordinates  which  are  now  varied  are  the  coordinates 
which  define  the  moving  charges.  In  order  to  effect  the 
variation,  the  integrals  must  be  transformed  to  an  integral 
taken  throughout  the  same  space  at  each  instant,  and  the 
space  may  be  chosen  to  be  that  occupied  by  the  moving 
charges  at  the  time  ^o-     Writing 

H=^-A  ' /// H^ (/  +  ^)  +  G{g^v)-\-H{h^  w)]  dxdydzdt, 

and  effecting  the  transformation,  this  becomes 

H  =  S,pjjji[F(f+u)-\-G(g+v)  +  H{h-\-w)]^'d^odycdz,dt, 

where  Xq,  y^,  Zq  at  the  time  Iq  are  the  coordinates  of  the  point 
belonging  to  a  moving  charge  which,  at  the  time  t,  occupies  the 
position  X,  y,  z,  and  /Oq  is  the  corresponding  volume-density,  it 
being  remembered  that  the  total  charge  is  unalterable.  Now 
F,  G,  H  are  linear  mf+u,g-\-v,h  +  lu,  and  therefore,  performing 
the  variation, 


ra.+  (!!j+ffSi  +  (i'|  +  jig  +  if)& 


^h:.iii 


.podxodyodz^dt, 
11—2 
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where  F,  G,  H  must  now  be  regarded  as  assuming  the  succession 
of  vahies  they  take  as  the  point  x,  y,  z  moves  through  the 
aether,  not  the  succession  of  values  they  take  at  a  fixed  point. 
Integrating  by  parts  with  respect  to  the  time,  this  becomes 

l-^  =  [[[  I  '  \Flx  +  Ghy  +  Rlz\  pjx^dy^dz^ 

[^^[[[[fSF     .dF     .dG      .dH\^ 


^BG 


fdir      .  or 

\dt-''dy^ 


(m    .  dF 


,dF     .dG 
.dG 


B 


y 


,dH\ 

^  ^y 

.dH\ 


\Bz    />o  dxodyodzodt, 


dz     ^  dz         dz 
is  used  to  indicate  that  the  time  rates  of 


where  the  symbol  ^ 

variation  of  F,  G,  H  are  to  be  calculated  on  the  understanding 
that  they  assume  the  succession  of  values  specified  above. 
Now  in  the  equations  (7)  F,  G,  H  are  regarded  as  assuming  a 
succession  of  values  at  a  fixed  point,  and,  as  it  is  by  means  of 
these  equations  that  F,  G,  H  have  to  be  determined,  it  is 
convenient  to  regard  F,  G,  H  as  expressed  in  this  way 
throughout.     On  this  understanding 


BF    dF     .dF     ,dF     .dF 


=  -^+^^+2/ 


dt       dt 


dx 


dy 


-\-z 


dz 


etc. 


and  therefore 


BF 

dt ' 


,dF     ,dG     .dH    dF     .     ,  .o     . 


hence 


{FBx  +  GBy  +  HBz']  p^  dxodyodzo 


+  (^  -  d)^  +  yoLj  Bz      po  dxodyodzodt. 
*  Lagrange,  Mecanique  Analytique,  3rd  edition,  ii.  p.  263. 
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The  triple  integral  vanishes  on  account  of  the  conditions  under 
which  the  variations  are  performed,  and  therefore 

+  (-k: —  d;l3  -hya)  Bz\  p  dxdydzdt 
Again,  writing 

and  transforming  to  the  space  occupied  by  the  charges  at  the 
time  ^0,  it  becomes 

that  is 


M 
ao 


it  being  remembered  that  /,  g,  h  are  independent  of  the 
coordinates  defining  the  positions  of  the  moving  charges. 
Denoting  by  S%i,  S;^2.  ^Xa  the  parts  of  this  expression  which 
involve  hx^  Sy,  hz  respectively,  ' 


dg  ^dh' 


d  (y,  z)  dhx 
9  (2/0,  Zq)  9^0 


d{zo,Xo)dyo     d(xo,yo)dzo] 

which,  integrating   by  parts   and   transforming   to   the  space 
occupied  by  the  moving  charges  at  the  time  t,  becomes 
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Hence 


Bx=  I     )  I  <^  [Bocdydz  +  hydzdx  +  hzdxdy]  pdt 


-rjii 


80 

dx 


Sx+'^  By  +'^  Sz\  pdxdydzdt, 


dy 


dz 


where  the  triple  integral  vanishes  on  account  of  the  conditions 
which  have  already  been  found  for  (j),  and  therefore 


Writing 
there  results 


L^JffL'dxdydz, 

and  therefore  the  equations  of  motion  for  the  moving  charges 
are 

dfdL\     dL'       /dF      .    ^.^     d(t>\     ^  , 

d  (dL'\     dL'  ^     (dG      .    .  .     .  a</>A     ^  ,ox 

d(dL\     dL'       fdH     _     .    ,  dct>\     ^ 
Writing 


r  = 


Z'  = 


V     

(9). 


X',  Y\  Z'  are  termed  the  components  of  the  electric  force  acting 
on  an  element  of  the  moving  charge,  and  the  equations  (8) 
become 

d(dI/\_dI/_    y, 

dt[dx)      dx~P^' 


\ 


it[dy)      dy-P^  ' 


dt\dy 

d 
dt 


d  (dL'\      dL'        „, 


(8'). 
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Before  proceeding  with  the  discussion  of  these  equations,  it 
is  convenient  to  obtain,  by  means  of  the  equations  (1),  (2),  (3), 
(5)  and  (7),  expressions  for  F,  G,  H  and  the  related  quantities 
in  terms  of  the  distribution  of  the  moving  charges.  It  follows 
from  equations  (2)  and  (3)  that 

A.  ^^     ._i(dF   dG    dH\    d^   d'F    d'F 


with  two  similar  equations,  that  is,  writing 

j^dF     dG     dH 

dx      dy      dz  ' 


and 


da?     dy^     dz' 
dJ 


4t  (/+«)=  9^ 
Again,  from  (1)  and  (7), 


V^F,  etc. 
dF    d(f) 


,  etc., 


dt      dx 
that  is,  remembering  that  <j)  is  independent  of  the  time, 


and  therefore 


4TF=/=-g'.  etc.. 


The  solutions*  of  these  equations  are 
9X 


F=F'  + 


*  See  §  15  above. 
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where 

F'  =  \\\~  dx^dy^dz^,     G'  =  jjj-  dxidy^dzi, 

H'=jjj'^dx,dy,dz„ 

r  being  the  distance  of  the  point  x,  y,  z  from  the  point  x^,y^,Zy, 
and  Ui,Vi,w^  denoting  the  values  of  u,  v,  w  at  the  point  a?i,  yi,  z^ 
Sit  the  time  t  —  r/V;  further  ^  satisfies  the  equation 

2  3^    a^    30'    a^'_ 


Tow,  writing 

J,  _dF'  ^dO'  ^dE 
dx       dy        dz 

. .  -Ill 

T  d  Ui       d  Vi      d  w^ 
dx  r      dy  r      dz  r 

dxidyidz^, 

IS 

3  1      Idu, 
dxr      r  dx 

~ 

dx^dyidz^, 

dx^dyidzu 


hence 

-lll\W^H^,-%)*{t*'S), 

for  r —  =  —  ^ and  il  v,  w  are  continuous. 

dx  r  dx^r 

The  unalterability  of  the  total  charge  gives  the  relation 

dt      dx:^      dx      dyi      dy      dz^       dz        ' 

where  p^  denotes  the  value  of  p  at  the  point  x^,  y^,  z^  at  the 
time  t  —  r/V,  therefore 

Hence 

and  therefore 
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where  p  denotes  the  volume-density  of  that  part  of  the 
distribution  of  electric  charge  which  depends  on  the  time,  that 
is  the  part  of  the  distribution  which  is  moving.  It  follows  from 
equations  (1),  (5)  and  (7)  that 

that  is 

whence 

Writing  p  —  p  =  p\  this  being  the  volume-density  of  the 
part  of  the  distribution  of  electric  charge  which  does  not 
move,  </)  is  given  by 

The  components  of  the  electric  force  are  therefore  given  by 

^=-///['l'--4('^)]*.*.H 

1  dv. 


-III 
-III 


r  dt 
1  dwi 


^^ai;^-^')]'^-'^^"'^' 


y...(io), 


r  dt  oz\rj 

and  the  components  of  the  magnetic  force  by 


dx-^  dyi  dzi , 


HII 
--III 


'  d  Ui  _  9  w^ 
dz  r      dx  r 

d   Vi       9 
dof  r      dy 


dxidy^dz-^\ 
—    dx^dyidzi, 


(in* 


Proceeding  now  to  the  discussion  of  special  cases  of  moving 
distributions,  the  first  case  to  be  considered  is  that  in  which  an 
electrical  distribution  is  moving  with  a  uniform  velocity  v  in 
a  given  direction.     Choosing  this  direction  as  the  axis  of  x,  the 


♦  Of.  Levi-Civita,  II  Nuovo  Cimento,  S.  4,  t.  vi.  1897. 


170  THE   ELECTRODYNAMICS   OF   MOVING  MEDIA         [APP.  C. 

coordinates  of  any  point  of  the  moving  distribution  at  the  time 
t  will  be  sciy  y-i^y  Zi,  where 

^o>  2/0,  ^0  denoting  the  coordinates  of  the  same  point  at  the  time 
from  which  t  is  measured. 


In  this  case  p"  is  zero  and  the  expressions  to  be  evaluated 


are 


jjj'^,dx,'dy,'dz,',     jjj^,d^,'dy:dz,',     jjj'^d^c.'dy^'d,,', 
jjjP^,dx,'dy,'dz,', 


where 


/»  =  {0!-  x;f  +  (y  -  yiY  +{z-  z;)\ 


and  Wi,  V],  ^^1,  pi  denote  the  values  of  u,  v,  w,  p  at  the  point 
^i>  y\y  -2^/  at  the  time  t  —  r'/V,  this  being  the  point  of  the  dis- 
tribution which  was  at  the  point  Xq,  i/q,  Zq  initially.     Then 

that  is 

,_         vr'         ,_  ,_ 

Now  v  =  0,  w  =  0,  therefore 

jjj^^,dw,'dy/dz,'  =  0,     jfl'^dx^dy^'d^.'^O, 

and  the  remaining  two  integrals  have  now  to  be  transformed 
so  that  they  are  expressed  in  terms  of  the  positions  of  the 
distribution  at  the  time  t.     Writing  k  =  y/V,  r'  is  given  by 


whence 


where 


r'2  =  {x-x^-V  Kv'f  -f  (2/  -  y,y  4- (^ - z^)\ 


R'  =  ^\^  +  {y-yry+{^-^.y- 
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The  element  of  volume  dx^'dyxdz^  is  that  which  was 
occupied  at  times  t-r'jV  by  the  distribution  which  now 
occupies  the  element  dx^dy^dzi,  these  times  being  different 
for  dififerent  points  of  the  distribution  ;   hence 

u^dx^dy^dz^  ^  pv  ^  ^-^^--^dx^dy^dz^. 


Now 

hence 

that  is 

therefore 
Further, 


,  9r'         .  ,  dxi 


dxi 

dx- 


dxi 

dxi 


dxi  _  r 

dx'i~  M^il-K')' 


dyi 


y-yi 


^i^'=o,     ¥^i 


dxi 


dxi         z  —  Zi 

a^i     '     dz^ 


therefore 
Hence 


9yi 
~d(x,,y,,z,)     M^ii-K^y 


:j^-r^^^^dy.dz. 


Writing 


Wl^^dx^dy^dz^^Wl^ 

III?  "-^'y^'^^ = ///^7(f^)  '^^'y^''- 


V(l-/cO 

and  substituting  in  equations  (10)  and  (11),  the  components  of 
the  electric  and  magnetic  forces  are  given  by 


-_>.?±_i^29^ 


Z  =  -v 


dt 


dx  ' 


Y=^-V' 


dy' 


=  -Fa^-± 


dz 
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that  is,  remembering  that 

ii=  -11  =_  11 

„  =  0.    ^  =  vg.    ,  =  -v| (13). 

where  yfr  satisfies  the  differential  equation 

The  case  of  a  charged  conductor  moving  through  the  aether 
with  a  uniform  velocity  can  be  deduced  from  the  above.  The 
electrical  distribution  must  now  be  supposed  to  be  the  limit  of 
a  distribution  throughout  a  thin  layer  over  the  surface  of  the 
conductor,  this  distribution  being  such  that  p  and  its  first 
differential  coefficients  tend  to  zero  at  the  boundary  of  this 
layer.  The  components  of  the  electric  and  magnetic  forces  at 
any  point  external  to  the  conductor  will  then  be  given  by 
equations  (12)  and  (13),  and  will  vanish  at  an  internal  point, 
where  yjr  now  satisfies  the  differential  equation 

throughout  the  external  space  and  is  constant  over  the  bounding 
surface  of  the  conductor. 

A  simple  example  is  that  of  a  charged  conducting  sphere  of 
radius  a  moving  with  uniform  velocity  v  through  the  aether. 
In  this  case  yjr  is  given  by 

where 

of  sech^  t;  +  (1  -  /c^)  (y^  +  z^)  cosech^  rj  =  k^'o', 

and  E  is  the  charge  on  the  sphere.     The  surface  density  of  the 
distribution  over  the  surface  of  the  sphere  is  uniform. 

*  Lorentz,  Versuch  einer  theorie  der  electrischen  und  optischen  erscheinungen 
in  bewegten  karpern,  §  22,  Leiden  1895.  Larmor,  Phil.  Tram.  A,  1897;  Aether 
and  Matter,  ch.  ix.,  1900. 


k 
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The  next  case  to  be  considered  is  that  in  which  the 
electrical  distribution  moves  in  such  a  way  that  any  point 
of  it  describes  an  orbit  which  is  periodic  with  reference  to 
some  fixed  point  and  whose  dimensions  are  very  small.  The 
coordinates  of  any  point  of  the  distribution  at  the  time  t  will 
be  a;i  +  f ,  y^  +  ?;,  z^  4-  f,  where  x^,  y^,  z,  are  the  coordinates  of 
the  point  about  which  it  describes  a  small  periodic  orbit,  and 
the  expressions  to  be  evaluated  will  be 

j^j'^^di.dv^di;,,  ///^<if.rf'?.rfr., 

where 

r,^=^{x-x,-^,Y  +  (y-y,-'n,y  +  {z-z,-Q\ 

and  fi,  ?7i,  ^i,ih,Vi,Wi,  pi  are  the  values  of  f,  77,  f,  u,  v,  Wy  p  at 
the  time  t-rJV.  Now,  if  f=/(0,  then  fi=/(^-n/F), 
that  is 


where 

r^  =  (x 

and  writing 


r=/(«- 


etc., 


r'2  =  (a;  -  a?!  -  ^y  +  {y  -  y, 

r  —  r'=  VTy 
it  follows  that 

f  1  =  ?'  +  f 't>     Vi  =  V+  Vt,     ?!=?'+  Tt, 

it  being  assumed  that  (f/X^,  etc.  are  negligible  where  f,  etc. 
denote  the  maximum  amplitudes  corresponding  to  a  period  for 
which  the  wave  length  in  the  aether  is  X.  To  the  same  order 
of  magnitude 

d(^.V,0  Vd^i     Vdv.     Fa?,' 
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that  is 

and  therefore,  to  this  order  of  magnitude, 

///^  .i...<.r.  =///f  (i  - 1  - 1  -S)  <.f  .wr, 

where,  on  the  right-hand  side,  ^i,  t/j,  fi,  ji,  971,  ^^j,  ri,  p^  now 

denote  the  values  of  f,  7;,  J",  f,  V,  ?,  ^^^  /^  corresponding  to  the 

v' 
time  ^  —  Tr  •      The   expressions    for    the    components    of    the 

electric  and  magnetic  forces  are  then  obtained  by  substituting 
the  above  expressions  in  the  equations  (10)  and  (11). 

The  electrical  distribution  in  the  above  investigation  has 
been  assumed  to  be  such  that  the  equations  (10)  and  (11)  are 
applicable.  Now  the  validity  of  the  processes  involved  in  the 
investigation,  by  means  of  which  these  equations  were  arrived 
at,  is  secured,  provided  the  distribution  is  such  that  p  and  its 
first  differential  coefficients  are  everywhere  continuous.  The 
transition  from  a  volume  distribution  to  a  distribution  of 
isolated  electric  charges  can  then  be  effected  in  the  following 
way.  Let  P  be  a  point  at  which  there  is  an  electric  charge  e, 
and  let  a  closed  surface  be  drawn  enclosing  P  and  no  other 
point  at  which  there  is  an  electric  charge,  which  is  always 
possible  as  the  charges  are  isolated.  Then  throughout  the 
volume  enclosed  by  this  surface  there  may  be  supposed  to  be  a 
distribution  of  volume-density  /?,  which  is  such  that  p  and  its 
first  differential  coefficients  are  continuous,  tend  to  zero  as  the 
bounding  surface  is  approached,  and  vanish  at  every  point  on 
it,  and  which  is  such  that  jjjpdxdydz  —  e.     The  distribution 
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arrived  at,  when  this  has  been  done  for  each  one  of  the  charges, 
is  such  that  the  preceding  investigations  are  applicable  to  it, 
and  the  results  obtained  will  hold  however  small  the  volumes 
enclosed  by  tliese  surfaces  may  be  chosen  to  be,  provided  that 
throughout  them  p  can  be  chosen  so  as  to  satisfy  the  conditions 
specified  above.  The  electric  and  magnetic  forces  due  to  a 
distribution  of  isolated  electric  charges  may  therefore  be  taken 
to  be  those  given  by  equations  (10)  and  (11),  when  the  integrals 
on  the  right-hand  side  are  replaced  by  the  sums  of  the  limits 
of  those  integrals  taken  throughout  the  small  volumes,  these 
volumes  being  supposed  to  be  ultimately  evanescent,  the  limits 
being  proceeded  to  on  the  supposition,  that  p  and  its  first 
differential  coefficients  are  continuous  throughout  any  one  of 
these  small  volumes,  vanish  at  their  boundaries,  and  that 
Jffpdjcd!/dz==e. 

The  electric  and  magnetic  forces  due  to  a  number  of  electric 
charges,  each  of  which  is  describing,  with  respect  to  some  fixed 
point  which  is  not  necessarily  the  same  for  different  charges,  a 
periodic  orbit  of  small  linear  dimensions,  can  be  obtained  from 
the  preceding  results  by  evaluating  the  limit  of  the  integrals 

Now  it  appears  from  §  48  that  the  amount  of  the  energy 
radiated  from  the  distribution  depends  only  on  those  parts  of 
electric  and  magnetic  forces  which,  at  a  great  distance,  are  of 
the  order  1/r;  hence,  no  part  which  can  contribute  to  the 
radiation  being  omitted,  the  previous  integrals  are  given  by 
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Therefore,  proceeding  to  the  limit,  the  values  of  the  electric 
and  magnetic  forces,  so  far  as  radiation  from  the  distribution 
is  concerned,  may  be  written 

)x^      r      dxdy      r      dxdz      r  \      dP      r  ' 

[dydx      r      dy^      r      dydz ^  r  J      dt'^  r  ' 

\dzdx  ^  r^  dzdy  '^  r  ^  dz^      r  ]      dP      r  ' 

dydt      r      dzdt      r  ' 

dzdt       r       docdt       r  ' 

dxdt       r       dydt  ^  r  * 

where  |i,  t/j,  fi  now  denote  the  values  of  f,  ??,  f  at  the  time 
t  —  r/Vy  and 

r^  =  (^  -  ^0'  +  (2/  -  2/,y  +  (^  -  ^i)'. 

Thus  a  number  of  electric  charges,  moving  in  the  manner 
specified  above,  are,  in  respect  of  the  radiation  from  them, 
equivalent  to  a  number  of  small  Hertzian  oscillators.  Further, 
if  it  be  assumed  that  the  dimensions  of  the  orbit  are  so  small 
that  p  etc.  can  be  neglected  in  comparison  with  the  square  of 
any  length  considered,  an  assumption  which  is  reasonable  so  far 
as  the  applications  in  view  are  concerned,  the  values  of  the 
electric  and  magnetic  forces  due  to  the  distribution  of  moving 
charges  are  given  by 

dt^       r  dx  dt^       r  dy 

dydt       r       dzdt       r  '  dzdt       r       dxdt       r 

"f^dccdt^T-dydt^T ^^^>' 
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where  r^  =  (x-  x^y  4-  (y  -  y,)'  +  (^  ""  ^iT  ^"^  f  i  >  ^i .  ?i  denote  the 

T 

values  of  f,  rj,  fat  the  time  <—  y. 

Taking  now  the  case  where  there  are  a  number  of  electric 
charges,  each  of  which  is  describing,  with  respect  to  some 
point  0,  a  periodic  orbit  of  small  linear  dimensions,  and  where 
the  points  0  are  all  moving  with  the  same  uniform  velocity  v 
in  a  given  direction,  which  may  be  taken  to  be  that  of  the  axis 
of  X,  this  distribution  may  be  replaced  by  a  volume  distribution 
of  the  kind  specified  above.  Denoting  by  x^,  y,,  z^  the  co- 
ordinates of  one  of  the  points  0  at  the  time  t,  by  x^',  y,,  2^ 
the  coordinates  of  the  same  point  at  the  time  t  —  rJV,  by 
^1  +  f  >  2/1  +  ^'  -2:,  +  f  the  coordinates  at  the  time  ^  of  a  point  of 
the  distribution  which  is  describing,  with  respect  to  the  point 
a?j,  y^,  z^,  a  small  periodic  orbit,  and  by  ^/  +  fi,  Vx  +  Vy*  -^i  +  fi 
the  coordinates  of  the  same  point  at  the  time  t  —  rJV,  where 

X,  y,  z  being  the  coordinates  of  any  other  point,  the  integrals 
on  the  right-hand  side  of  the  equations  (10)  and  (11)  which,  in 
this  case,  have  to  be  evaluated  are 

in  which  p/,  f /,  ^/,  ?/  denote  the  values  of  p,  f,  ^,  J  at  the 
point  a7/  +  fj,  y^  +  Vi*  ^i-^^i  at  the  time  t  —  rJV,  d^^dr^^di^^ 
denotes  the  element  of  volume  at  that  point  and  ir/  =  v. 
Transforming  these  integrals  so  that  the  element  of  volume 
d^i'drj^'d^i  at  the  point  iCj'+fi,  yi  +  '/i,  z-^-^-^i  is  replaced  by 
the  element  of  volume  d^^drjid^i  at  the  point  a^i  +  fj,  yi  +  T/i, 
Zi  +  fa  *,  the  Jacobian  of  the  transformation  is  by  a  previous 
investigation  given  by  rJRi  \/(l  —  /t^),  in  which  k  =  v/F  and 

R,-  =  (x-x,-^,yi{l-H^)-\-(y-y,-V^y  +  {z-2,-0\ 

*  The  transformation  is  equivalent  to  substituting  for  the  fixed  axes   of 
reference  a  set  of  axes  fixed  relatively  to  the  moving  points  0. 

M.  E.  W.  12 
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and  the  above  integrals  become 


Now 


hence,  f(t)  denoting  some  function  of  t, 


that  is,  neglecting  k^  and  higher  powers  of  k, 

/(« -  ^)  =/(*  -  y')  -  f  (— .  -  ft)/ (« -  ^) 

+  2T^  (^  -  *•'  -  f  .y/"  (« -  t)  -  iv  ^'■^'  d  - 

which  may  be  written 

Then  fi,  ^i,  ^i  denoting  the  values  of  j,  y,  j  at  the  time 
t  —  Ri/V,  the  integral 

lllidii^/^"'''^'^^ =ISIrJ^'/^^''^'^^ 

and,  since  /9  and  its  first  differential  coefficients  vanish  at  the 
boundaries  of  the  small  volumes  occupied  by  the  distribution 
which  replaces  the  charges,  the  second  and  third  integrals  on 
the  right-hand  side  vanish,  and  therefore 

///idfe)  '^'''^'^^  =/// w^)''^"''"''^'' 
lllidiT^)'^^''>^'^^=lllwv(T^^ 
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If,  as  in  the  previous  case,  it  be  assumed  that,  I  denoting  the 
linear  dimensions  of  an  orbit,  l^  is  negligible  in  comparison  with 
the  square  of  any  length  considered,  the  integrals  involved 
become 


^^B  where  now 

■  R^=^(x-  ^0V(i  -  fc^')  +  (3/  -  y^y  +  (^  -  ^i)*. 

^^V  and  fi,  ^1,  Ci,  ^1,  ^1,  ?i  denote  the  values  of  f,  17,  J,  ?,  v>  f.  when 

'^B  t  —  R/V  is  written  for  t     Then  writing 


the  component  of  the  electric  force  in  the  dii-ection  of  the  axis 
of  su  is  given  by 

which  is  equivalent  to 

dt"  ^  dxdt      dt    *■       ^dx^^    '<■'' 

in  which  ^  is  supposed  to  operate  on  fi,  t/i,  fi  only  but  not  now 

on  Xi.     Similarly  evaluating  the  other  components,  the  com- 
ponents of  the  electric  and  magnetic  forces  are  given  by 


...(17), 


df  ^  dxdr    dt       ^       'dx 


12—2 
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dydt     dzdt ' 

^=Sra-S-al(*-xU (18). 

^     dxdt     dydt       dy^"^     ^^' 

Returning  to  equations  (8'),  integrating  them  throughout 
the  small  volume  occupied  by  the  distribution  which  is  supposed 
to  replace  a  moving  charge,  and  proceeding  to  the  limit,  the 
equations  of  motion  of  the  moving  charge  are 


I 


dt  [d^j    di~     ' 


dt 

d  /dL\  _dL_   y, 
dt[dy)      dy~'^' 

d  /dL\  _dL_   ^, 
dt\dz)      dz"       ' 

where  L  is  that  part  of  the  Lagrangian  function  which  involves 
only  the  coordinates  that  specify  the  degrees  of  freedom  of  the 
moving  charges.  The  part  of  L  which  involves  the  time 
rates  of  variation  of  these  coordinates  will  be  of  the  form 
S  Jm  (x^  4  y^  +  z^),  where  m  is  a  mass  coefficient,  these  motions 
being  capable  of  being  represented  by  moving  points;  the 
remaining  part  of  L  represents  the  effects  other  than  electrical 
of  the  aether  on  the  moving  charges,  and  the  equations  of 
motion  are  therefore 

mx  —  X-1  +  eX',' 

my  =  Y^-\-eY', 

mz  =  ^1  +  eZ',^ 

where  X^,  Fi,  Z^  represent  the  non-electrical  forces  and 
X\   Y\  Z'  ^re  given  by  equations  (9). 

When  the  charges  are  supposed  to  be  arranged  in  perma- 
nent groups,  each  group  being  such  that  there  is  no  radiation 
of  energy   away  from   it,   the   method   of  Appendix   B*  can 


.(19), 
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be  applied  to  obtain  the  equations  of  motion  of  a  group. 
From  the  result  obtained  there  it  follows  that,  if  x,  y,  z  are 
now  coordinates  which  specify  the  position  of  a  group,  the 
equations  of  motion  of  the  group  arc 

ify=Y,  +  Y,  - (20), 

i/^  =  Zi  +  Z,^ 

where  M=^in,  Xj,  Yj,  Zi  represent  the  non-electrical  forces 
and  X,  Y,  Z  the  electrical  forces  acting  on  the  group,  and 
Xi,  Yi,  Zi,  X,  Y,  Z  will  be  such  that  no  part  of  them  is 
periodic  in  any  of  the  periods  of  the  orbits  of  the  charges. 
Hence,  in  calculating  X,  Y,  Z  from  the  known  expressions  for 
the  electric  forces  acting  on  a  single  charge,  only  those  terms 
which  are  not  periodic  in  the  periods  of  the  orbits  of  the 
charges  need  be  taken  account  of,  and  the  conditions  of  per- 
manence of  the  group  can  be  obtained  from  the  relations 
which  have  to  be  satisfied  in  order  that  the  periodic  terms 
should  vanish. 

Taking  first  the  case  of  moving  charges  describing  orbits  of 
small  linear  dimensions  about  fixed  points,  the  equations  (20) 
become 

Xi  +  X  =  0,' 

Yi  + Y  =  0,  - (21). 

Zi  +  Z  =  0, 
Assuming  that  radiation  is  wholly  an  electrical  effect,  the 
components  A'^,,  Y^,  Z^  of  the  non-electrical  forces  acting  on  a 
single  charge  will  contain  terms  which  are  periodic  in  time  and 
have  periods  depending  on  the  periods  of  the  orbits  of  the  charges, 
and  therefore,  in  effecting  the  summations  SeA',  leY',  ^eZ'  for 
the  group,  the  periodic  terms  must  disappear. 

Now  A'  =  A  +  ^7-t/S, 

Z'  =  Z  +  ^^-rjOL, 

where  f,  ij,  ?  are  the  velocities  of  the  charge,  and  X,  F,  Z,  a,  0,  y 
are  the  components  of  the  electric  and  magnetic  forces  at  the 
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point  occupied  by  the  charge,  therefore  the  periodic  terms 
which  occur  arise  from  terms  of  the  type  f,  f^  77 f,  ...,  f,  p^  ■^f, 
...,  and  the  conditions  that  the  periodic  terms  should  disappear 
from  XeX\  ^eY',  ^eZ'  are  such  that  the  non-periodic  terms 
which  involve  the  dimensions  of  the  orbits  also  disappear. 
Hence,  if  P,  Q,  R  denote  the  components  of  the  force  of 
electrical  origin  which  one  permanent  group  exerts  on  another, 
and 

where  P^,  Q2,  R2  are  the  parts  of  P,  Q,  R  which  involve  the 
dimensions  of  the  orbits,  the  forces  XP^,  SQa,  2)i^2  which  all  the 
other  groups  exert  on  any  one  group  vanish,  and  the  equations 
(21)  become 

Y,+  Xa  =  0,  - (22). 

Z,-\-lR,  =  0,^ 

The  forces  Pi,  Qu  Ru  being  those  which  are  independent  of 
the  dimensions  of  the  orbits,  are  given  by 


Pi  =  -teV 


dx     r ' 


.(23), 


oy     r 
Ri  =  -XeV'S-^- 


in  which  the  first  S  refers  to  the  group  which  is  being  con- 
sidered, the  second  S  to  any  other  group,  and  r  denotes  the 
distance  AB,  where  A  is  one  of  the  fixed  points  about  which  a 
charge  belonging  to  the  first  group  is  describing  its  orbit  and  B 
is  such  a  point  belonging  to  the  second  group.  When  there  is 
no  free  electricity,  the  condition  2e  =  0  will  be  satisfied  for  each 
group,  and  the  forces  P^,  Qi,  R^  are  of  the  order  V^e"d^/r^,  where 
r  is  the  distance  between  two  groups  and  d  is  a,  length 
depending  on  the  distances  between  the  orbits  of  the  same 
group.  When  there  is  free  electricity  the  forces  on  a  group  for 
which  2e  is  not  zero  are  those  of  electrostatic  theory.     In  every 
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case  the  forces  Pa,  Q^,  R^,  are  of  the  order  V^e^fd^/X^r*,  where 
Z  is  a  length  (ilepending  on  the  dimensions  of  an  orbit  and  \  is 
the  wave  length  in  the  aether  corresponding  to  a  period  in  the 
orbit;  thus  the  forces  P^,  Q,,  R^  are  small  compared  with  the 
forces  P,,  QuRi*. 

It  appears  from  the  preceding  that,  when  the  groups  and 
the  distances  between  the  orbits  in  the  groups  are  arranged 
so  that  the  forces  Pi,  Qi,  Ri  form  with  the  non-electrical  forces 
an  equilibrating  system,  the  orbital  motions  will  arrange  them- 
selves so  that  the  forces  Pg,  Q.,,  R2  form  an  equilibrating 
system,  as  XP2,  SQ2>  ^R-i  vanish  when  the  conditions  of 
permanence  of  the  groups  are  satisfied.  Hence,  in  investi- 
gating the  law  of  distribution  of  the  groups,  it  is  sufficient 
to  consider  the  forces  Pi,  Qi,  Ri  and  the  non-electrical  forces. 
If  now  it  be  assumed  that  the  non-electrical  forces f  are  such 
that  they  are  not  sensible  at  insensible  distances,  which  is 
equivalent  to  assuming  that  the  inter-atomic  forces  are  wholly 
electrical,  the  forces  Pi,  Qi,  Pi  will  form  an  equilibrating 
system  when  there  is  no  free  electricity,  and  if,  when  there 
is  free  electricity,  P/,  Q/,  P/,  denote  the  parts  of  Pi,  Qi,Pi 
which  remain  after  the  removal  of  the  forces  belonging  to  the 
free  electricity,  the  forces  P/,  Q/,  P/  will  form  an  equilibrating 
system.  Therefore,  when  this  assumption  is  made,  a  knowledge 
of  the  forces  Pi,  Qi,  Pi  will  suffice  for  the  determination  of  the 
law  of  distribution  of  the  groups. 

Considering  now  the  case  where  the  points,  about  which 
the  charges  are  describing  their  orbits,  are  all  moving  with 
a  uniform  velocity  v  in  the  direction  of  the  axis  of  a;,  the 
equations  (20)  become,  since  v  is  constant, 

Xi  +  X  =  0, 
Yi  +  Y  =  0, 
Zi  +  Z  =  0, 

the  same  equations  as  in  the  previous  case.  The  same  argu- 
ments will  apply  as  in  that  case,  and  the  law  of  distribution 

*  Cf.  §§  63,  54. 

t  The  force  of  gravitation  satisfies  the  condition. 
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of  the  groups  can  be  determined  from  a  knowledge  of  the 
forces  Fi,  Qi,  Ri.  By  a  preceding  investigation*  the  values 
of  Pi,  Qi,  Ri  for  this  case  are  given  by 


,  \ 


dy     R^/{l-K')' 


R,^-teV^^^l 


(24). 


dz       Rs/{l-K') 

where  k^njV,  and 

R^  =  {x-  x,)%l  -  K')  +  {y  -  y,y  +  (z  -  z,)\ 

X,  y,  z  being  the  coordinates  of  the  point  about  which  a  charge 
in  the  first  group  is  describing  its  orbit  and  x-^,  3/1,  z-^  a  similar 
point  for  the  second  group.     Writing 

x  =  x'  V(l  -  «'), 
the  equations  (24)  become 


I 


dx       R^J{l-K•') 


Q,  =  -teV^-^X 


dy     RWi^-/^^) 


where 


K^  =  (x'  -  x^r  +  (2/  -  y,y  +  (z-  z,y 


and    putting    Pi  =  P/  Vl  -  tc^,    it    being    remembered    that 
x  =  x  \/{l  —  K^),  these  equations  become 


P/  =  -X.F^^,S^    ' 


dx'    RWC^-f^^)' 


Qi  =  -S6F^^S^, 


dy     R'  ^/(l-K') 


Pi  =  -26F%-X-^      "' 


.(25), 


a^    PV(i-«')'  1 
p.  177. 
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Now  the  equations  (25)  give  the  values  of  P/,  Qi,  Ri  which 

belong  to  a  distribution,  in  which  the  points  about  which  the 
orbits  are  being  described  are  at  rest ;  therefore,  if  this  system 
is  in  equilibrium,  the  groups  which  form  the  system  to  which 
the  equations  (24)  belong  will  also  be  in  a  state  of  relative 
equilibrium.  Hence  the  relation  between  the  configuration 
of  the  groups,  when  moving  with  a  uniform  velocity  v,  and, 
when  they  are  at  rest  is  given  by  the  equation  x  =  x'  '^(1  —  /c*), 
where  k  =  \IV\  that  is,  the  material  medium,  which  consists 
of  these  groups,  is  contracted  in  the  direction  of  its  motion  in 
the  ratio  V{1  -  vVF-^) :  1* 

In  the  investigation  it  has  been  assumed  that  there  is  no 
electric  charge  which  is  migrating  freely  among  the  groups, 
so  that  the  result  will  not  necessarily  apply  to  the  case  of 
a,  material  medium  in  which  there  are  electric  currents.  It 
may  be  shewn  by  similar  reasoning  that  the  result  holds  for 
a  material  medium  in  which  there  are  no  electric  currents, 
when  waves  due  to  external  causes  are  being  propagated 
through  it,  provided  none  of  the  periods  of  these  waves  are 
the  same  as  those  belonging  to  the  orbits  of  the  charges  which 
form  the  groups.  The  medium  would  then,  if  electrically 
isotropic  when  at  rest,  not  be  so  when  in  motion,  the  specific 
inductive  capacity  of  the  medium  in  the  direction  of  the 
motion  being  altered  by  an  amount  depending  on  k^  and 
higher  powers  of  k\  and  to  obtain  the  effect  of  the  motion 
of  a  material  medium  on  the  velocity  of  propagation  of  waves 
through  it,  when  ic^  is  not  negligible,  this  alteration  would  have 
to  be  taken  into  account. 

*  This  result  has  been  obtained  for  the  case  of  charges  moying  with  a 
uniform  velocity  by  Lorentz  and  Larmor. 
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When  electric  waves  are  incident  on  any  body,  other  waves 
due  to  the  presence  of  the  body  are  set  up,  and  to  determine 
completely  the  superposed  system  of  waves  it  would  be  necessary 
to  know  the  distribution  of  electric  charges  which  constitute 
the  body;  the  motion  would  then  be  expressed  in  terms  of 
coordinates  specifying  the  degrees  of  freedom  of  these  electric 
charges  and  the  electrical  degrees  of  freedom  of  the  aether. 
In  the  treatment  of  any  class  of  cases  it  is  convenient  to  suppose 
that  the  effects  of  the  motions  of  the  electric  charges  can  be 
expressed  in  terms  of  a  smaller  number  of  coordinates,  or  be 
represented  by  kinematical  conditions.  In  the  case  where  the 
body  is  transparent  these  effects  are  suitably  represented  by  two 
coordinates  for  each  point  of  the  body,  these  coordinates  being 
specified  by  a  vector /i,  g^^  h^,  which  satisfies  the  relation 

doc      dy       dz 

at  every  point  of  the  body ;  this  vector  is  termed  the  material 
electric  displacement.  In  the  case  of  bodies  which  are  not 
transparent  this  representation  is  not  suitable,  but  two  limiting 
cases  can  be  recognized,  which  wdll  furnish  a  clue  to  the  effect 
on  the  waves  of  any  such  body.  The  first  extreme  supposition 
is  that  the  electric  charges  at  the  surface  of  the  body  move 
in  such  a  way  that  waves  of  the  same  kind  and  of  the  same 
amount  are  radiated  out  from  them  as  are  incident  on  the 
surface  of  the  body,  so  that  no  part  of  the  energy  of  the  waves 
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in  the  medium  is  absorbed  by  the  body  ;  this  is  the  case  in 
which  the  body  is  a  perfect  conductor.  The  other  extreme 
supposition  is  that  all  the  energy  of  the  waves  incident  on 
the  body  is  absorbed  by  it. 

The  problem  of  the  diffraction  of  waves  by  a  transparent 
body  has  been  solved  for  the  case  of  a  circular  cylinder*  and 
for  that  of  a  sphere f,  the  velocity  of  radiation  in  the  body 
differing  by  a  finite  amount  from  that  in  the  surrounding 
medium.  The  problem  has  been  solved  for  the  general  case, 
when  the  difference  between  the  velocities  of  radiation  is  very 
small  |.  The  problem  of  the  diffraction  of  waves  by  a  perfectly  ' 
conducting  body  has  been  solved  for  the  case  of  a  circular 
cylinder§,  a  sphere  ||,  and  an  indefinitely  thin  wedge  in  the 
form  of  a  semi-infinite  planell.  When  the  body  is  perfectly 
absorbing  the  problem  can  always  be  solved.  One  of  the  most 
important  cases  is  that  in  which  the  diffracting  body  consists 
of  a  plane  screen  with  an  aperture  in  it.  This  case  has  been 
treated  in  detail  by  Stokes**  and  by  Lorenz  ff,  who  have  assumed 
that  the  secondary  or  diffracted  waves  depend  only  on  the 
disturbance  over  the  aperture ;  this  assumption  is  equivalent 
to  assuming  that  the  screen  is  a  perfect  absorber.  If  the 
problem  could  be  solved  for  a  perfectly  conducting  screen,  the 
comparison  of  the  two  results  would  shew  in  what  respect 
either  representation  is  ineffective  and  possibly  give  information 
as  to  where  improvement  might  be  made.  The  problem  has  so 
far  only  been  solved  for  the  case  of  the  semi-infinite  plane,  and 
its  importance  makes  it  desirable  to  have  a  solution  as  direct 
and  simple  as  possible.  The  application  of  the  methods  used 
in  the  ninth  chapter  of  this  essay  leads  directly  and  easily  to 

*  Lord  Eayleigh,  Phil,  Mag.  xii.  1881. 

t  Lorenz,  Vidensk.  Selsk.  Skr.  Copenhagen,  1890. 

X  Lord  Eayleigh,  I.e. 

§  J.  J.  Thomson,  Recent  Researclies  in  Electricity  and  Magnetism,  p.  428. 
1893. 

II  J.  J.  Thomson,  I.e.  p.  437. 

IT  Poincar6,  Acta  Mathematica,  Vol.  xvi.  1892-3,  Vol.  xx.  1897.  Sommerfeld, 
Math.  Ann.  Vol.  XLvn.  1896. 

**  Camb.  Phil.  Trans.  Vol.  ix.  1849. 

tt  Pogg.  Ann.  cxi.  1860;  Crelle,  lviii.  1861. 
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the  solution  of  a  more  general  case,  viz.  that  in  which  the 
diffracting  body  is  a.  wedge  of  any  angle. 

Let  the  edge  of  the  wedge  be  chosen  as  the  axis  of  z,  and 
let  r,  z,  0  be  cylindrical  coordinates  of  a  point  so  that  the  faces 
of  the  wedge  are  given  by  ^  =  0,  6  =  a,  and  the  space  occupied 
by  it  is  that  between  0  =  a  and  0  =  27r.  Taking  first  the  case  in 
which  the  electric  force  is  parallel  to  the  edge  of  the  wedge,  the 
differential  equation  satisfied  by  Z  at  all  points  at  which  there 
are  no  sources  is 

d^    idz    _i  a^__i  a^ 

that  is,  for  waves  of  wave  length  27r/«', 

d^z    idz    id'Z     ^^    ^ 

dr^      r  or      r^  do^ 

For  waves  of  the  kind  considered  the  sources  can  be  represented 
by  lines  of  discontinuity  of  electric  force  parallel  to  the  axis  of 
z  and  at  points  on  such  a  line  Z  will  satisfy  the  differential 
equation 

d'Z    idz    id'Z     ^„   ^ 

The  condition  to  be  satisfied  at  the  surface  of  the  wedge  is  that 
Z  vanishes  when  ^  =  0  and  when  0  =  a.  The  solution  of  (2)  is 
therefore 

^     ^  J.     '    rnrS 
Z=zKn  sm , 

1  a 

where  n  has  all  positive  integral  values  and  Rn  is  a  function  of 
r  to  be  determined  from  the  relation 

whence  Rn  satisfies  the  equation 

+  -^+(k^ r^jRn-h—      psm de  =0....(3). 


dr' 
It  is  sufficient  to  consider  the  case  in  which  there  is  a  single 
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line  of  sources  determined  by  r  =  r,,  ^  =  ^i;  the  solution  of  (3) 
is  given  by 

a 

when  r  <  ?*i ,  for  Rn  must  be  finite  when  r  =  0,  and  by 

Rn  =  Bn{J-»liKr)-e   '^    Jnn(^)], 

a  a 

when  r>7\,  for  Rn  cannot  involve  e'"^,  there  being  no  reflexion 
at  the  infinitely  distant  boundary.     Hence 

Z  =z  An  J !ti(Kr)  Bin , 

1  a  OL 


when  r  <ri,  and 


Z=X  Bn  {J_'^  (kv)  —  e  *  J^  (kv)]  sin 


mrd 


when  r>ri;  now  both  these  series  will  converge  and  be 
identical,  when  r  =  ri,  except  when  O  =  0i,  in  which  case  they 
will  diverge ;  therefore 

An  «/»LT  {/cvi)  =  Bn  [J_!ti  (fcr^)  —  e  *   J^  (^rj)], 

a  a  a 

and  the  solution  can  be  written 

Z  =  ^Cn  J^UL  (kv)  {J_»i5  (kVj)  —  e  *   J»5  («ri))  sin , 


when  r  <ri,  and 

Z  =  ^Gn  J^  (fcr^)  [«/_^  (z*:^)  —  e  *"   t/!?^  (/cr)}  sin  , 

1  a  a  a  Ct 

when  ?'  >ri.  It  appears  at  once,  as  in  §  60,  by  considering  the 
case  where  a  =  tt  which  corresponds  to  reflexion  at  a  plane 
surface,  that  (7„  is  independent  of  k,  and  it  is  therefore  sufficient 
to  determine  C„  for  the  case  in  which  /c  =  0.  In  this  case  the 
problem  to  be  solved  is  the  electrostatic  one  of  a  line  charge 
influencing  a  conducting  wedge,  and  the  potential  due  to  a 
line  charge  of  strength  m  is  known  to  be 

r '^  +  ?-j  *  -  2  (rr,Y  cos  -  (^  +  ^0 


2  log 


r*  +  Ti 


2  (rr,y  cos  -{6-  d,) 
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Therefore,  when  ^  =  0, 

nn 

n      «     ^  1  /r\  *    .    mrd    .    nird^ 

z  =  2m  2,  —  -       sin sin , 

1  n  \rj  a  a 

when  r  <  ri ,  and 

Z  =  2m  Z  -  {  —]     sin sin 


nir' I 
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n  \r 


when  r>ri,  whence 

Cn  Lt^=o  ^""^  C'^^)  [J-^  (tcri)  -  e  "  J«5  («:ri)j  = -  /     sin 

a  a  a  71     \r*i/  a 

that  is 


On' 


1m  (r\°-     .    mrS^ 
=  —     -        sin  — 
n   \rj  a 


and  therefore 


^       27rm        IT         .    nirO^ 
C«.  = .  ,  sm 


sin  — 
a 


a 


Hence,  when  there  is  a  line  of  electric  discontinuity  of  strength 
m  at  r  =  riy  0  =  6i,  the  electric  force  is  given  by 

27rm' 


Z  =  -——tJn„(Kr){J  nn(Kr^)-e''  Jnni/cr,)} -— 

a     1     -  --  -  .    nir 


sin 


nir^i 


when  r<r^,  and  by 

^=  -^  S  /„^  («ri)  {/  nrr  (/cr)  -  e  «   J^ir  (kv)}  — ^ 

a        1       —                     -—                                    —                    .      WTT^ 
*  «  a  g^jj 

a 


.  sin sm 

a  a 


whenr>ri.     Now 


sin sin 

a  a 


nir^ 


sm 


62        2f       /„    f____i]_* 


C-coi  a     "^      ^       ^     ^ 

*  Proc.  Lond.  Math.  Soc.  Vol.  xxxn.  p.  155,  1900. 
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where  c  is  a  real  positive  quantity,  therefore 

a     1  Jc-ooc  -\    t    j  i  a  a 

for  all  values  of  r.     Again 

^     //c'rrA        1     f*'"^'*    '^(,+^)    <^«    . 
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where  the  real  parts  of  oc  e^/t,  00  ey''/t  are  negative,  whence, 
writing  6*  =  e~'^,  where  ^=^-]-  trj, 

where  27r  >  7  >  tt,  0  >  7'  >  -  77,  and  therefore 

^      1    J   c-aci  J    QOt+v  ^ 


that  is 


TfOtJ  c  —  coiJ  ooi+y  C 


Sin sm i 

a  a 


sm  — ? 
a 


cos— ^- cos -(^-(9,) 


sm  -^ 
a 


cos  ^  -  cos  -  (6?  +  0.) 
a  a 


dC 


where  the  path  of  integration  lies  wholly  in  the  upper  half  of 
the  f  plane.  Changing  the  order  of  integration  and  using  the 
known  result 


J   c—aoi  t 

*  Proc,  Lond.  Math.  Soc.  Vol.  xxx.  p.  167,  1899. 


192 

the  above  becomes 
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mi  f'^i'+y 

Z^^\         K,[iK V(r'^  +  r,' -  2rn cos  ?)} 


sin 


T? 


2a  j  Qoi+v 


COS  —  —  COS  -  {6  —  6j) 

OL  OL 


sm 


wK 


COS COS  -  (^  4-  ^i) 

a  a  ^  . 


dr. 


When   a   is   an   integral   submultiple   of   ir,    a  =  7r/?i,  this 
is  equivalent  to 

/|,.2  +  ^^2 _  2rri  cos (6-0,-  — ^ 


»-i 

5  =  0 


71    / 


-m'x   Ko    IK  ^\r^-\-r,^ -2rr,  cos  ( 6  ■{■6,+ 


2s7r 
n 


which,  remembering  that  the  effect  of  a  line  of  electric  dis- 
continuity of  strength  m  in  an  unbounded  space  is  mK(,(iKll), 
where  R  is  the  distance  of  any  point  from  this  line,  is  the 
result  which  would  be  arrived  at  by  the  method  of  images. 
When  a  is  an  integral  multiple  of  tt,  the  above  expression  be- 
comes identical  with  that  given  by  Sommerfeld*  for  this  case. 

The  solution  in  the  case  of  plane  waves  can  be  obtained 
from  this  by  making  r,  indefinitely  great.  The  value  to  which 
Ko  {iK  V(^'  +  n'  -  2r?^  cos  f)!  tends  is 


TTfc 


e4 


■i*c?*i  +  iKr{ 


/v/(27r/cri) 

hence,  corresponding  to  plane  waves  incident  in  the  direction  6, 
and  in  which  the  electric  force  is  given  by  e^^^-cosce-^j)^  i\^q 
solution  for  the  space  bounded  by  the  planes  ^  =  0,  6  =  a  is 


2i 


/•oot  +  y 
J    QOi+y 


sm 


Kcrcosf 


cos 


!r?_  cos -((9-^0 


sm 


T? 


cos 


!Lf_cos-(^  +  6>0 


fd^, 


where  27r  >  7  >  tt,  0  >  7'  >  —  tt. 

*  I.e.  p.  187. 
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When  a  =  27r,  the  wedge  becomes  a  semi-infinite  plane  and 
the  above  expression  for  Z  becomes 

47r  j  001- 


,+y 

Sin  2  sin| 


d^. 


cos  I  -  cos  i  (^  -  ^i)      cos  I -008^(^4-6^,) 


The  integrals  can  now  be  transformed  as  follows :  writing 


I^  e-rcosf  ^^^ 

'^'^^  ^^-^y  cos|-cosn^-^i) 

and  putting  cos  |  =  ^  cos  J  (^  —  6^), 

where,  if  cos  \(6  —  6^)  is  positive, 

^0  =  —  C  —  00  i,    ^j  =  c  +  X  A, 

the  path  of  integration  cutting  the  real  axis  in  the  t  plane  to 
the  right  of  the  point  ^  =  1,  and,  if  cosi(^  — ^i)  is  negative, 

the  path  of  integration  cutting  the  real  axis  in  the  t  plane  to 
the  left  of  the  origin.  Hence,  deforming  the  path  so  that 
it  becomes  the  imaginary  axis  in  the  t  plane, 

/  r  <»t  /If 

StT  J   _aot  t—  1  * 

when  cos  ^{0  —  6^)  is  positive,  and 

J    — oo( 


27r^  j_oo/  «-l 


when  cos  i(0  —  6j)  is  negative.  Denoting  the  integral  in  the 
above  relations  by  /i ,  and  writing  fio  =  \/{2Kr)  \  cos  i  (^  —  ^i)  | , 
then 

27r  J  _cci  ^—  1 

M.   E.  W.  13 
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that  is, 

Zir  Jo  ip  ~  ^      t  -\-  i) 

which  becomes 

IT  Jo  t^  —  1' 

^'~        TT^  Jo  ^^  +  1' 

TT  J  0  '   0 

which,  changing  the  order  of  integration  and  integrating  with 
respect  to  t,  is  equivalent  to 

1  r°°  fJfj 

^^~      2V7r^  Jo  V(t*  +  W)' 

and,  putting  u  +  t//-o^  =  *^^j  this  becomes 


or 

Now 

therefore 


/^  =  _  A_  g.Krcos(«-..)+'J  ["'^'   e-^^'d^, 
VtT  •/  mo/ 

that  is 

^ir  J  ^0 

Hence 

ire 

when  cos  ^  (^  —  ^i)  is  positive,  that  is 

7  =  J_ec.rcos(e-^)+^  I  {  ""  e-^'^'dv-  r  e-'^^'dv], 

VT  (J    -00  J  H-o  ) 

Also  /  =  -^  gc.rcos(«-e.)+^  f^  e-'^^'dv, 

when  cos  ^{0  —  Oi)  is  negative,  that  is,  in  this  case, 


7=  JLgCKrco8(fl-fl,)+^[   '^'e-^'^'dv. 
s/ir  J  -00 
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Therefore 


J  -« 


where  /^  =  sli^Kv)  cos  \{0  -  0i),  and  the  electric  force  Z  is 
given  by 

where  fi  =  V(2/c7')  cos  i  (^  +  ^O- 

When  the  electric  force  is  in  the  plane  of  incidence  of  the 

waves,  the  magnetic  induction  is  parallel  to  the  edge  of  the 

wedge,  and  denoting  the  magnetic  induction  by  c,  c  will  satisfy 

the  same  equation  as  Z  above,  the  boundary  conditions  now 

dc 
being  ^  =  0,  when  ^  =  0  and  when  6  =  a.     Thus 

^  „         mrO 

C—2,Kn  cos , 

0  a 

which,  as  before,  becomes 

00  nil*!  nnrfi 

C  =  XCn  Jnn  {icr)  {J  nn  (^n)  -  6   *    /„»  (Kr^)]  COS  — —  , 

when  r  <  ri,  and 

C=l.Cn  Jnn  (ten)  [J  nir  (fcv)  -  6  "    Jnn  (tcr)]  COS  -— -  , 

0  T  T  a  « 

when  r  >  ri,  and  again  (7„  is  independent  of  k.  When  /c  =  0,  the 
problem  is  the  hydrodynamical  one  of  a  line  source  in  the 
space  bounded  by  ^  =  0,  and  0  —  a.  The  solution  is  then  the 
same  as  in  the  previous  case,  with  the  exception  that  the  part 
involving  O  +  d^  is  affected  with  the  positive  instead  of  the 
negative  sign,  and  therefore 


=  ^_'  r^"' K„ !.«  V(r^  +  r,'  -  2rr.  cos  0} 


sm  -^  sm  — 


cos"^^- COS  "^((9-^0     cos'^-cos-(l9  +  ^,)l 
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For  plane  waves  incident  on  a  semi-infinite  plane  this  becomes 

WTT  J   _c»  VTT  J    _oo 

The  problem  solved  by  Poincare  in  the  first  instance  was 
that  of  a  wedge-shaped  beam  converging  on  the  edge  of  the 
semi-infinite  plane;  this  can  be  obtained  from  the  previous 
general  expression.  The  comparison*  of  the  results  with  ex- 
periment shews  that  in  respect  of  the  polarising  effect  of  the 
obstruction  there  is  complete  agreement,  but  that  theory  and 
experiment  give  widely  different  results  in  respect  of  the 
variation  of  the  intensity  of  the  waves. 

The  principal  difference  between  the  results  obtained  on 
the  assumption  that  the  semi-infinite  plane  is  perfectly  ab- 
sorbing and  on  the  assumption  that  it  is  perfectly  conducting, 
is  that  in  the  first  case  the  change  of  phase  is  a  quarter  of 
a  wave  length  and  in  the  second  case  one-eighth  of  a  wave 
length.  The  effect  of  this  will  be  that  the  positions  of  the 
diffraction  bands  will  be  different  in  the  two  cases,  and,  if 
their  positions  could  be  observed  accurately,  the  nature  of  the 
condition  to  be  satisfied  at  the  surface  of  the  plane,  assuming 
that  the  effect  of  the  plane  can  be  represented  by  a  linear 
relation  to  be  satisfied  at  its  surface,  could  be  deduced.  It  is, 
however,  more  probable  that  the  effect  of  a  metallic  screen 
cannot  be  so  represented,  but  that  there  is  a  thin  layer  at  its 
surface  throughout  which  the  equation  to  be  satisfied  gradu- 
ally changes. 

The  above  results  can  be  applied  to  shew  how  an  approxi- 
mation to  the  effect  of  an  open  end  in  a  condenser  formed  by 
parallel  plane  conducting  plates  can  be  obtained.  Let  the 
plane  y=0  he  that  which  is  midway  between  the  two  plates, 
the  planes  of  the  plates  being  y  =  h,  y  —  —  h,  their  edges  lying 
in  the  plane  a?  =  0,  and  the  axis  of  z  being  parallel  to  their 
edges ;  then,  considering  the  waves  in  the  space  between  the 
plates,  they  give  rise  to  waves  propagated  from  the  open  end, 
the  directions  of  the  incident  waves  coming  along  the  condenser 
being  those  which  lie  between  —  7r/2  and  7r/2,  the  angle  being 
*  Poincar^,  I.  c.  p.  187. 
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measured  from  the  axis  of  x.  It  therefore  follows  that  at  some 
distance  from  the  edges  of  the  plates  the  plane  a;  =  0  forms  the 
boundary  of  the  shadow,  and  hence  it  may  be  assumed  that  the 
effect  of  the  open  end  to  the  left  of  the  plane  a;  =  0  outside  the 
condenser  is  negligible.  If  c  denotes  the  magnetic  induction, 
which  is  everywhere  parallel  to  the  axis  of  z,  then  c  satisfies 
the  same  conditions  as  the  velocity  potential  of  the  wave 
motion  of  air  in  the  space  would  satisfy ;  hence  the  problem  to 
be  solved  is  analytically  identical  with  the  acoustical  one,  and 
the  method  of  approximation  used  by  Lord  Rayleigh*  can  be 
adopted.  The  magnetic  induction  to  the  right  of  the  plane 
a?  =  0  is  given  by 

where 

i^^  =  ^  +  (2/-2/0^ 

9c 
and  27r//c  is  the  wave  length,  it  being  assumed  that  ;^-  =  1 

over  the  open  end. 

In  order  to  calculate  the  value  of 


/: 


■h 

cdy, 

—  h 

it  will  be  further  assumed  that  the  distance  apart  of  the  plates 
of  the  condenser  is  small  compared  with  the  wave  length ; 
hence  in  calculating  the  value  of  c  to  be  used  in  the  above 
expression  it  can  be  assumed  that  kR  is  small,  and  therefore 


that  is, 


-i/^-'O'-f-'-^f]*. 


c  =  ^  {log  I  -  W  (0)}  +lu  +  l  fhg  Rdy', 
whence  over  the  open  end 
c  =  ?J{log|-n'(0)-l}+/u+^(A  +  2,)Iog(fe  +  y) 


+  l(/,_y)log(A_y). 
TT 


Theory  of  Sound,  vol.  n.  §§  307,  312. 
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Substituting  this  value  of  c  and  performing  the  integrations  it 
follows  that 

[^  cdy  =  2h    ^^  jlog  Kh  -  W  (0)  -  II  +  hi    . 

To  the  left  of  the  plane  x  =  0,  that  is,  between  the  plates  of 
the  condenser  the  value  of  c  may  be  written 

c  =  [^  cos  Kx  +  B  sin  kx\  e'"^ 

where  the  relation  between  the  constants  is  given  by 

il  =  ?^{log«^-n'(0)-|}+A.; 

whence,  putting  B  =  \, 

c  =    ] -^  [log  Kh  -  W  (0)  -  ^]  -^  hcY  cos  Koc  +  sin  /ex    e'***, 

which,  taking  the  real  part,  gives 

c  =  sm  k{x  —  a)  cos  nt  —  Kh  cos  kx  sin  nt, 

where  a,  which  is  small,  is  the  distance  of  the  nearest  loop  from 
the  open  end  and  is  given  by 

X  denoting  the  wave  length.     This  is  the  result  stated  in  §  37. 
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